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| The Chairman’s Column 


To MEMBERS OF THE PGEC 


Since my last report to you, there have been meetings 
of the PGEC Administrative Committee, the National 
Professional Groups Committee, and the National 
Joint Computer Conference. Each of these meetings 
reflect, in some respect, on the activities of the PGEC. 
My summary of the Professional Groups meeting is 
based on a letter from Administrative Committee mem- 
ber Charles Rosenthal, who attended the meeting for me. 

You will recall that the various Professional Groups 
were polled relative to the possibility of terminating the 
publication of the CONVENTION REcoRD. The PGEC was 
in favor of this move as were most of the Groups. Sur- 
prisingly, the IRE Board of Directors at its November 
meeting voted to continue the CONVENTION RECORD, 
but with a modified policy of distribution. No longer will 

‘the CONVENTION REcorp be distributed without charge 
to Group members; rather, Group members will be 
given a preferred rate, if they are interested in purchas- 
ing the CONVENTION REcoRD. Probably a similar ar- 
rangement will be made for the WESCON CoNvVENTION 
ReEcorD. Based on the indication that the IRE would 
support the policy of discontinuing the REcoRD, we had 
made plans to strengthen the TRANSACTIONS by includ- 
ing selected papers from the National and the WESCON 
Conventions. Such papers were to be subject to editor- 
‘ial review, and the responsibility of suggesting the 
papers to the TRANSACTIONS Editor was to be with the 
PGEC member who arranged the PGEC sessions at a 
convention. It appears to the Administrative Committee 
that this action is still a wise one, and we will actively 
consider papers from the March Convention for the 
TRANSACTIONS. 

At the Board of Directors meeting, the revised policy 
of financing the Groups was officially accepted. At the 
Professional Groups meeting, there was discussion of 
the possibility of reimbursing a Group for its editorial 
expenses. Specifically, the PGEC was told that the cost 
of its abstract service would not be reimbursable from 
IRE headquarters; there is some possibility that the 
salary of our Editor may at some later date be partially 
reimbursable, but not for the present. On behalf of the 
Group, I have advised headquarters that we favor in- 
cluding the Editor’s salary in direct publication costs. 

Certain other matters relative to the formation of new 
Groups, the consolidation of existing Groups, the name 
change from Professional Group on Broadcast Trans- 
mission Systems to Professional Group on Broadcasting, 
etc., were also discussed and acted upon at the Pro- 
fessional Groups meeting. The National Electronics 
Conference has suggested to the IRE that increased 

Professional Group participation in the NEC would be 
welcome. 
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A number of items were discussed and acted upon at 
the PGEC’s December Administrative Committee 
meeting. The Membership Survey is complete, and ap- 
pears in this issue of the TRANSACTIONS. 

The Editor Selection Committee announced its choice 
as Professor Howard E. Tompkins of the University of 
Pennsylvania’s Moore School; the Administrative Com- 
mittee approved this selection. In this connection, the 
PGEC is certainly grateful for the job well done by the 
retiring Editor Jack Nash, and for his continuance as 
Editor in the face of heavy work commitments at Lock- 
heed. We welcome Howard Tompkins aboard, and know 
the TRANSACTIONS will continue to improve under his 
leadership. Committeeman Frank Heart reported that 
the first set of abstracts had been received and would 
appear in the March issue. We hope also to make 
progress on the preparation of an over-all bibliography 
of the computer field. Larry Jones hopes to have selected 
an indexing method by this summer, following which 
bibliographic accumulation will continue. 

It was agreed to continue PGEC subsidies to the 
chapters. This subsidy matches that of the IRE ($10 
per meeting to a total of five meetings per year), paid to 
the chapter through the local Section. Each Section has 
been specifically instructed that funds furnished to it 
earmarked for a specific PG chapter must be used for 
that chapter, and not for general Section activities. 

The revised Constitution and Bylaws is now being 
circulated to the Administrative Committee for com- 
ment; we hope it can be submitted to the membership 
for ratification in the near future. Vice-Chairman Blake- 
ly of the Membership Committee reports that the 
membership totals 7458 as of October 31, 1958. 

The Mathematical Association of America has been 
accepted into affiliate status. It was agreed that no new 
organizations be admitted to affiliate status for one 
year, in order to test the strength and growth potential 
of the affiliate plan. 

Vice-Chairman Endres reported that Professor George 
Patterson of the University of Pennsylvania’s Moore 
School of EE was elected to the grade of Fellow; the 
PGEC Awards Committee had sponsored this candi- 
date in 1957. 

Jim Harris of Bell Labs. described his arrangements 
for technical sessions at the March Convention. There 
will be two sessions of five papers each, plus a special re- 
port on the advances of Russian technology in the com- 
puter field. Jim has selected a monitor for each session 
to recommend papers for the TRANSACTIONS. 

In December, I appointed junior past Chairman 
Werner Buchholz as Chairman of the Nominating 
Committee: he will be assisted by Harry T. Larson (a 
past Chairman of the PGEC) and Bob Roggenbuck (a 


2 IRE TRANSACTIONS ON ELECTRONIC COMPUTERS 


current member of the Administrative Committee). 
This committee will select nominees for the next chair- 
man and vice-chairman, and also determine which geo- 
graphical areas should have new or additional represen- 
tation on the Administrative Committee. Chapters will 
then make the selection of a nominee to the Adminis- 
trative Committee; the procedure for this selection will 
be outlined to each chapter by Werner Buchholz. 

The PGEC has approved the expenditure of an addi- 
tional $1000 in support of the forthcoming Interna- 
tional Conference on Information Processing (Paris, 
June 13-21, 1959). Similar support will be given by the 
Association for Computing Machinery and the AIEE. 

L. C. Hobbs has proposed to the Administrative Com- 
mittee that the PGEC sponsor “A Computer Funda- 
mentals Symposium.” It would be presented at several 
places throughout the U. S., and perhaps underwritten 
in part by the PGEC. After considerable discussion of 
the matter, it was suggested that it be presented to all 
PGEC chapters and IRE Sections for reaction. It is 
hoped these responses will be available for the March 
Administrative Committee meeting. 

In case you may not know of the National Joint 
Computer Committee, let me interject a short descrip- 
tion. This committee was established some years ago for 
the specific purpose of managing the Eastern and West- 
ern Joint Computer Conferences. It is a tri-society com- 
mittee representing the PGEC, the ACM, and the AIEE. 
The chairman of the PGEC, the president of the ACM, 
and the chairman of the AIEE Computers Committee 
are ex-officio members of the NJCC. In addition, there 
are four appointed representatives from each of the 
societies, plus one headquarters’ representative from 
each society. Each year two new representatives from 


March 


each society are appointed for a two-year term by the 
head of the society. The charter of the NJCC permits it 
to undertake any work which might profit from a co- 
operative effort of the three societies, and which the 
three societies unanimously ask the NJCC to undertake. 
One additional task has been the sponsoring of a science 
educational newsletter (SENEWS), which is addressed 
primarily to computer-oriented people to aid in pro- 
moting interest and knowledge in computing among 
secondary school teachers, science education groups, 
and high school students. SENEWS Editor is Michael 
Warshaw, The RAND Corporation, Santa Monica, 
Calif. Interested people or potential contributors are 
invited to contact him. Another task, which the NJCC 
is handling through I. L. Auerbach is the organization 
and promotion for the U. S. of the first International 
Conference on Information Processing. On an ad hoc 
basis, the NJCC is also representing these three U. S. 
computer societies in the negotiations for the formation 
of an international federation representing the comput- 
ing field. 

The new Chairman of the NJCC is Harry H. Goode, 
Bendix Systems Division, Ann Arbor, Mich. The new 
Vice-Chairman is Paul Armer (ACM), The RAND Cor- 
poration, Santa Monica, Calif. The permanent Secretary 
is Miss Margaret Fox, National Bureau of Standards, 
Washington 25, D. C. PGEC Administrative Commit- 
tee member Frank Heart (Boston) is the general Confer- 
ence Chairman for the 1959 EJCC to be held this De- 
cember in Boston. For your advance planning: the 1962 
EJCC will be in Philadelphia, December 4-7. 


Wiis H. WarRE, 
Chairman 
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Absolute Minimal Expressions of Boolean Functions’ 
SHREERAM ABHYANKARft 


Summary—lIn this paper we make a beginning in the hitherto 
unexplored problem of finding absolute minimal expressions of 
Boolean functions. We shall adhere to the notations and terminology 
introduced in our previous paper,! which will be referred to as S. 
In the present paper, we shall find absolute minimals for Boolean 
functions whose point set complex consists of either one or two 
points. The case of one point is in Theorem 1, Section I. The case 
when the two points form a 1-cell is covered by Theorem 4, Section I 
which discusses an arbitrary dimensional cell. The case when the 
cell complex consists of two isolated points, the main theme of this 
paper, is dealt with in Section II. 


I. GENERAL THEOREMS 
Theorem 1 


OR the Boolean expression 
f (1 +++ Xn) Ten a (ke =-0or 1) 
f is the only member of Z(f) and LZ(f) =n—1. 

Proof: The entire argument is based on the fact that 
D(f) consists of a single point P. Let g(a, +--+ ,n) be 
a member of Z(f). Suppose g is of type sp - - - so that 
g=gitget --- +g. where gi, g2,°+-:, gq are of type 
ps:-:.Now 


bine pip =i) =u. 


k=1 


and hence for some k, we have D(g;,) =P, say D(gi) =P. 
Then gi~/f, and since g is in Z(f), we must have g=1. 
Now let g=gi=Mho - - - ha where hy, ko, +--+, hg are 
of type sp--- so that h=Muathwt --- +hiy, where 
hep are of type ps ---. Since P is contained in D(g), 
P must be contained in D(h;) for k=1, 2, +--+, q. Since 


D hx) =U D(hip), 
1 


p= 


we conclude that for each k, P is contained in D(hxp) for 
some p. Relabelling the subscripts suitably, we can 
arrange matters so that P is contained in D(ha) for 
k=1,2,---,q. Then P is contained in 


A DUI). 


k=1 


* Manuscript received by the PGEC, December 17, 1957; revised 
manuscript received May 20, 1958. Second part of a report entitled 
“Investigations of Mathematical Methods for the Analysis and Syn- 
thesis of Computer Circuits,” submitted to Air Force Cambridge 
Res. Center under Contract No. AF 19(604)-1818 at Columbia Uni- 
versity, New York, N. Y.; September, 1956. 

+ Cornell University, Ithaca, N. Y. : ; 

1S, Abhyanker, “Minimal ‘sum of products of sums expressions 
of Boolean functions,” IRE TRANS. ON ELECTRONIC COMPUTERS, vol. 
EC-7, pp. 268-276; December, 1958. 


Since 


n D(hr1) C n D(hy) = D(g) = P 


k k= 


we must have 


so that g~huha - ++ ha. Since g is minimal, we must 
have h=t=--> =f,=1. 

The considerations of these two paragraphs imply 
that g must be of type “product.” Since g~f, we must 
have g=f. 

In the next theorem we shall formalize an argument 
used in S (for instance in the proof of Lemma 2 of 
Section 8). First we shall consider a matter of terminol- 
ogy. In S, we have introduced J(f), J(f), K(f) for a 
Boolean expression f which is a product; now we shall 
extend this. Let f(«1, x2, - ++, Xn) be any Boolean ex- 
pression. For subscript 7 varying from 1 to n, we let 
I(f) =the set of 2 for which x; occurs in f but x/ does not; 
J(f) =the set of z for which x/ occurs in f but x; does not; 
K(1, 2,+--+-,)(f)=the set of z for which neither x; 

nor x/ occurs in f. 


When the reference to (1, 2,- +--+, 7) is clear from the 
context, K(1, 2,---,)(f) will be replaced by K(/). 


Theorem 2 
1) Let T be a subset of K(f). For a point 


ky kn 
IP 3 SR BB San 


let P(T) be the set of all points 


ly Us 
oor 89 Cae. 


in S, for which ];=&; for all ¢ not in T. Then PE D(f) 
if and only if P(T) CD(/). 

2) Let. +, be. in. J(f) and let P= 7."% -= x teeand 
Q=x,4---x,'" be points in S, such that k;=0, J;=1, 
and k,=/; for all #7. Then PC D(f) implies OE D(f). 

3) Let 7 be in J(f) and let P and Q be points as in 2). 
Then QEGD(f) implies PED (f). 

Proof: 1) Relabelling the letters suitably we may as- 
sume that T=(m+1, m+2,---, nm). Let F be the 
Boolean expression obtained from f by considering it 
to be an expression in x1, %2, + * * , Xm, 4.e., we let 
ens 


F(x, Ey eo > Xm) = f(x, 2 
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Let G(x,°°+, Xm) be the canonical expression in 

x1, °° * » Xm Which is equivalent (~) to F(m,--:, cae 

Tet Gai, °°, Xm); °°, Gplhi, > 4 Wm a bem berca= 

nonical products in %1, %2,°°*, Xm which occur in 

Gain om) et 

h(x, 2 eet) Xn) 


Im+1 Im+2 in 
’ Lin) Nags Xmt+2 °° * Xn, 


a ror Gi (x1, i ei 


k=1 


and let g(x1,---+, xn) be the canonical expression in 
X1,° °° ,%Xn obtained from h(m, - + + , xn) by suppressing 
repetitions in the double summation 


ze 


/ 
where >, denotes summation over all the 2”-” vectors 


(Jasin jma, 2c 2.x) where the.7 stake values 0,or 1, 
Then 
f(%1; Sn es oe) 
PONE Ge) So Ra ois cone ae 
~ G(x, °° + 5m) Do tm mpe + Se 
Pp ° = 5 
J 
= | De Gian «») | Se eile Sar. 
k=1 
= A(x, Bye | Xn) 
‘Ped (x1, Xa,°° *y Hp). 


Therefore g(x, x2, - ++, x,) is the canonical expression 
Weve se EQUIVAIENE LO f(ai5 09,“ tn) ne 
assertion, 1), now follows from the form of h(x, + + + , Xn). 
2) By repeated applications of the distributive, 
associative and commutative laws we obtain from 
f(%1, + * +, %n), a Boolean expression g(x, - - - , Xn) such 
that fi, «isi ye%n) oem, © +6, x land 
ut+v 
(x1, as wae <n) a >> &K(X1, EY es Xn) 
k=1 
where 21(%1, °°, Xn) 7" Buye(tt, “© Xa) are prod- 
ucts and x; occurs in gi, g2,°++, gy, but not in gysu, 
Papas 7 Lure. Let 


wv 
a(x1, Rea) an) = Dy, Sure (%1, i, oi 3 Xn) 
k=1 


and let b(m, +--+, xn) be the expression obtained from 


De Be, > ° 
k=1 


ean) 


by omitting x; so that 
f (4%, - - Xn) + xib(m1, «> 


Since x{ does not occur in f, we conclude that neither 
x;nor x/ occurs in a (this is true also of b, but we do not 
need this fact) and hence by part 1), we conclude that 
P belongs to D(a) if and only if Q belongs to D(a). Now 


OE) SAN Cea =, Bn) 
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D[x1b(a1, ++, %n) | C D(x) 


and 


eee Ga): 


0 ke 
IE 3 oe Gi OC 

Therefore 

sn} an) 3 


and hence, P belongs to D(f) if P belongs to D(a). 
Hence if P belongs to D(f), then Q belongs to D(f) 

3) If in the proof of 2) we interchange x; and x/ 
we obtain a proof of 3). 

Another proof of 1): Recall that a point «17 + + + xn" 1s 
in D(f) if f(ji, j++ *, jn) =1. Relabel the letters so 
that T=(m+1, m4+2,---, m). Since Xm4i, Xm42, °° * 5 
. , x,’ do not occur in f we may let 


ie cE D{x1b(21, rig 0 


0 , 
Xny Xmt1, Vm42, °° 


F(x, soeoee Lun) = ] (x1, ens SN 
Now P=x"! +--+ x,*" is in D(f) if and only if 
F(ki, +++, km) = f(ki, +++, kn) = A, 

1.e., if and only if 

F(Ri, «> sha) = Aki, eS Ber imtty ae 
for arbitrary values of jmii, > > * Jn- 
Theorem 3 

Let fi(xa, x2, °- * , Xia,) be a Boolean expression in 
va, Xa, °°, Ma; for t=1, 2y~ ~~ 5 by LEP DG.) beme 


point complex of f; in the a; dimensional cube 7, whose 
points are the various products 


ky ko kay 


Viiti2 © * * Via; 
Let 
f(«11, X12, ee cy V1ay) X21, bagecens & X2a95 esis ee Xba,) 
b 
= [J filea, we, <--> 5 2D): 
i=1 


Let D(f) be the point complex of f in the A =a,+a, 
+ - ++ +a, dimensional cube S4 whose points are the 
various products 


ki kie 


kia, ko, kba, 
%11%12 °° 


* %1a,%21 * * * Xba, . 
We may identify S,4 with the Cartesian product Ty, 
XTa,X +++ XTo,. We make the following assertions: 


1) D(f) isthe Cartesian product D(fi) X + - - IDCs); 
1.é., a point 


Key 


koa, . . 
Cave sedatisan D(f) 


if and only if the point 


Kir kee 
Vii Vig ° 


Kien es 
- + %ie, 18 in D(f;) fort = 1,2, --. , b. 
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2) D(f;) is the projection of D(f) on aay ten 


kin kgs 


Kia: 2). 
wi Gig * + + Xia, is in D(f;) 


if and only if there exist 


hi, lie, ot Say hays lex, ts S35 Toao, Area ee) loa, 
such that 
Thy Iban . 
*11 °* + Xa, is in D(f) 
and 1:;=k.; for j=1,2,--+-, a;. 


3) If the points of D(f) form a cell in S4, then the 
points of D(f;) form acellin T,,fori=1,2,---,b. 


Proof: 1) follows from the observation that if we 
take canonical expressions in xn, Xn, ---, Xia; eQuiva- 
dent £0 f;(%a; - + -4 Yeny) fort=1,2,)--- , band multiply 
out these 6 canonical expressions, there results the 
canonical expression in the A letters xn, - - 
equivalent to f(xu, --- 
3) follows from 2). 

Lemma 1: For a Boolean expression f(xi, +--+, xn), 
let S,, be an m-dimensional cell of SS, which contains 
D(f), in particular we may take S,, to be the cell spanned 
Pe ett, es,- 5 2.) = 2£6S,,) and (ji, Js, * >, Ji) 
=J(Sn) so that s+t=n—™m. Then LZ(f)2n—m-—1 and 
plletne ss +? literalexs, %1,, °° * 5 0%, 7), 075 °° ty at 
occur in f. 

Proof: Relabeling the literals we may arrange mat- 
ters so that I(S,)=(m+1, m+2,---, m+s) and 
J(Sm)=(m+s+1, m+s+2,---,n). Then S,, is given 
PY a Xan Pixweas point 2 
=yF1--- Xm ®™Xm41 oe es Coen. ee AP eas C210 DG): We 
are assuming that f is consistent, t.e., D(f) is nonempty. 
Let 


/<? X bay, 
, Xba,)- 2) follows from 1), and 


, 7 
°° Xm+sXm+st1 °° * Xn. 


ky km , 
(PAS EE A rir ee es ers reat 
, ! 
XmtsXmt+st1* °° Xn, 
and 
ky iB ; 
QO; = 41 °° + Xm Xmti + °° Xmpshmpst1* * 
/ et / . iene x! 
Xm+stj—1Xm+ts+jXm+s+j+1 ns 


Then neither P; nor Q; belongs to S,, and hence to D(f). 
Hence by parts 2) and 3) of Theorem 2 we conclude 
that the n—m literals xm41,° °° yeas 
must occur in any expression equivalent to f and in par- 
ticular in f. Therefore LZ(f)2n—m—1. 

Lemma 2: Let f(x1, + - , Xn) be a Boolean expression 
such that D(f) consists of the points of an m-cell. Let 
(iat ee, 4.) = 0 (Sa) andy Gis Jao- » Ji) =JS (Sm) SO 
that sti=n—m. Let g(m1,°-+, %n) bea member of 
Z(f). Then LZ(f)=n—m—1; iy Bey 0 + Kip oo 
x;/,+-+, x;° are the only literals occurring in g and 
_ each of them occurs exactly once. 


y 
» Xm+sy Xm+stl, * * 
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Proof: We have frxXi, * + + 05,%5{ Xj * ~ + %i/ so that 
LZ(f)Sn—m-—1 and hence by Lemma 1, LZ(f) 
=n—m—1. In view of this equality the rest of our as- 
sertions follow from Lemma 1. 


Theorem 4 
Let the notation be as in Lemma 2. Then xj, + + -x;, 
xj, + * + x;! isthe only member of Z(f). This in particular 


yields a new proof of Theorem 1. 

Proof: Let g(x1, - ++ , x») be a member of Z(f). Sup- 
pose g is of type sp--- so that g=gitgo+ --+ +,. 
Since g is miniinal, none of the D(g,) can be empty. 
Hence by Lemma 1, L(g.) 2=n—m—1; and by Lemma 2, 
L(g)=n—m-—1. Therefore, we must have p=1. 

So we may write g=gi=Iho +++ h, where, +++, hg 
are of type sp: +--+. By Lemma 2, each of the literals 
occurring in g occurs exactly once and hence the sets 
of literals which occur in i, +--+, hg form a disjoint 
partition of the set of literals occurring in g, 7.e., of 
Me Le Geen pee; MOlnicethessuscnprsmen 
ta, ** +, Us) fi, > + * ye are all distinct, we conclude that 
the sets of letters occurring in Iu, hz, - - - , hg form a dis- 
joint partition of the set of letters x:,, %i,-°-, Te 
Kyi, hy, Fience™ by part 3)) ol li heorenese) (7) 
consists of the points of a cell for R=1,---, g. Since 
gEZ(f) implies h,GZ(h,) and since D(h,) fills up a 
cell, we conclude from the first paragraph of this proof 
that h, cannot be the sum of more than one Boolean 
expression. 

These considerations yield that g must be of the type 
product’and hence g=%;, ~~ + %;.0;] +x; 


II. CAsE oF Two IsoLAtEp PoINtTs 


Let f(x1, - + , X») be a Boolean expression such that 
C(f) consists of two isolated points. In this Section, we 
propose to find Z(f). As in section 10 of S, after relabel- 
ing the literals, we may assume that the two points of 
D(f) are 


1D 3 Fee) oO 8 hp, 


and 


Nn Mee ae (n = m = 2). 


OQ=al-- 


Since P belongs to D(f) and P;=x - 
does not belong to D(f), parts 1) and 3) of Theo- 
rem 2 tell us that the literal x; must occur in every 
member of Y(f); this is so for7=1, 2,---, 2. Again, 
since Q belongs to D(f) and Qmy1=%'1 + +X mXmpi 
Kmeicil miitmyit vo Xe does not belong to, DG) itsol 
lows from parts 1) and 3) of Theorem 2 that the literal 
X/m4i Must occur in every member of Y(f). Thus each 
of the m-bm literals #1, °-°, %n, “msi-":, ©» must 
occur in every member of Y(f) and hence 


LZ(f) 2n+m-— 1. 


, 
7 Xp Xi41 * + * Xn 


By Theorem 5 of S we have that 
LZ(f) = LZps(f) = n+m— 1. 
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These considerations yield: 

Lemma 1: We have LZ(f)=LZps(f)=LZsps(f) 
=n+m—1; Zps(f) CZsps(f) CZ(f). In any given mem- 
ber of Z(f) the only literals occurring are %1,* ++, Xn, 
X41, °° +, %/ and each of these occurs exactly once. 

Now let g(xi, : + + , Xn) be a member of Z(f). Suppose 
if possible that g=git--- +g: with #>1, where 
gi,- ++ ,g,areof type ps -- +. Since ¢>1, the minimal- 
ity of g tells us that we cannot have D(g,) =D(g) for 
any k. Hence, after relabeling the g, we can arrange 
matters so as to have D(gi)=P and D(g.)=Q. The 
minimality of g then tells us that t+=2, and in view of 
Theorem 1, we have gi=xx%2--- x, and go=xi -- 
XnXm4i*** Xn so that g=f. Furthermore, 2n—1=L(g) 
=LZ(f)=n+m-1, t.e.,.m=n. Thus g can be the sum of 
more than one Boolean expression if and only if m=n 
and when that is so g=f. 

Now assume that g= gigo, - - +, g: with ¢>1 where g1,g2, 
-++,g,are of type sp---. After relabeling the gz, we 
may arrange matters so that Xm41 occurs in gi, let 
Gi = gog3 - + - gt. Then Lemma 1 tells us that neither 
Xm11 NOY Xm4i Occurs in G;. Suppose that if possible 
gi=m+--- +h, with g>1. Arrange matters so that 
Sma occurs-in *m. Let Hy=he+--:. + +h, Then 2 
=h+H,, in Hy occurs neither ¥m41 nor X'm4i, and Xm41 
does occur in ;. Thus 


g = giGi 
a (hy =P Ay)Gi 
= 1G, + HG). 


Neither x41 nor xm41 occurs in Hy or Gi, therefore, the 
same is true of MiG;. Since the point x - 
Xm42°**Xn is not in D(f)=D(g) and hence not in 
D(iMG;), part 1) of Theorem 2 tells us that P=x,x» 

- +X, is not in D(H,G;). Similarly, since the point 
Xi ++ + XinXmtiXmy2 °° * Xn is not in D(f), we conclude 
itat athe point) C= - nsvntmay 8h, iS enoty mM 
D(iM,G;). Since D(,G:) CD(g) =P +0, this implies that 
D(M,G;) is empty so that g~MG,; which contradicts 
the minimality of g since L(HiG,) <L(g). Therefore g; 
cannot be the sum of more than one expression. Hence 
we must have g:=%m41. Similarly, for suitable integers 
k; we must have g;,;=x,; fort=m+2,m+3,---,n. Re- 
labeling the g;, we may thus arrange that 


, 
* * XmXm41 


g = Xm+1Xm+-2 oe 6 Xn £182 cee 3 Lp 


where gi,-:-:, gp are of type sp--+. Lemma 1 and 
part 2) of Theorem 3 now tell us that 


£ige- +: fp ~ F(x, Mare ayes Rin) 
where 
Poi stm) Seay oat ee BIE sony 
Thus g(x, - > +, x,) is in Z(f) if and only if 
g(x1, “een, Xn) Vee y ils XnG(x1, ote Kes) 


March 


with G(x, +--+, Xm) in Z(F). Thus from now on, it is 
enough to consider the case =m. We now assume 
that 7=m and continue with 


fy faley Oo OS with pot 


where 


Bi, - 3g Fp BLOLOL tYPer sp mers 


Since D(g) is not contained in any (#—1)-cell, gi can- 
not be a literal and hence gi=gutgiet - >> +281¢ with 
q>1 where gn, ---, Zig are of type ps---. Now 


q Dp Pp 
~(2 es) e+ eu « 
j=2 j=2 


1=2 


and 


D (ss I si) C D(g). 


j=2 


Hence if D(gi) contained neither P nor Q, 
Dp 
D (s uf] si) 
j=2 
would be empty so that 


q Pp 
g~ (x sx) IL g, 
i=? j=2 
which is a contradiction since the length of the right- 
hand side expression is less than the length of g. There- 
fore D(gi) contains either P or Q. Again if D(gi1) were 
to contain both P and Q we would have 


Dig) =P+O0CD (ss ILs:) C D(g), 


j=2 


1.€., 


Pp 
g~eull g; 

j=2 
which is a contradiction since the length of the right- 
hand side is less than the length of g. Hence D(gy) 
contains only one of the points P and Q. Similarly, the 
same is true of gi, - ++, gig. Since D(g:) contains D(g) 
=P+Q, we may, after relabeling the g:;, assume that 
D(gi) contains Q but not P, and D(g:2) contains P but 
not Q. Then in particular, D(gi+gi2) contains P and Q. 
Hence 


Dg)=P+O0C D((eu + gw) [J s) C D(g), 
j=2 
1.€., 
g~ (gu + gir) IT g;. 
j=2 


Therefore, the minimality implies that ¢=2. Let us let 
gi =gu and gi*=gie. Thus we have 
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g= git el 


where gi* and g/ are of type ps - - - , D(g#) contains P 
but not Q and D(g/) contains Q but not P. 

Suppose that if possible g*=Ihy---h, with s>1 
where M,---,h,areoftypesp--- and h=hyt-:--- 
+h: with ¢>1 where hu, - +--+, my, are of type ps---. 
Now P is in D(gi*) implies that P is in D(hy), and hence 
P is in one of the D(i,), say in D(fy1). Then 


Di) = P+0C P(t +e) He) CDW 


so that 


Pp 
g~ (aut gt) IL g; 

j=2 
which is a contradiction since the length of the right- 
hand expression is less than the length of g. Therefore, 
giv must be a product of literals. Since P= - + - x, is 
in D(gi*) all these literals must be unprimed. Similarly 
gi must be a product of primed literals. 

Similarly for 7=2, 3, ---, p, we must have 


g=eF*4+ 2 


where g* is a product of unprimed literals and g/ isa 
product of primed literals. We have shown that 


D 
g=[] (e*# + 8!) 
=1 


where g*, - - - , g* are products of unprimed literals and 
gi,+-*+, gp are products of primed literals. Let R; 
and R/ denote the sets of subscripts of the literals oc- 
curring in g* and g/ respectively. Since each of the 
literals x1, ---, Xn, X1,°°°, X occurs in g exactly 
once, we conclude that (Ri, ---, R,) is a disjoint par- 
tition of the set (1, 2,---,) and soisalso (RY,---, 
R, ). Now 


Pp 
f~ II (et + 87) 
t=1 
y uy U2 Up 
BY PT Te ee 
where u=(u, ---, Up) is a p-vector with components 
* or ’ such that at least one component is * and at least 


one component is’ and >.’ denotes summation over all 
the (2?—2) such vectors. Now 


MRL ee, win bet £89.” 


pret - ok + gl igs = M1 tet tl +e =f 
It is clear that if Ris a point in D(gi.“ - - - gp”) where 
gi“! +--+ g,“isa term in the summation >,’ then R¥P 


and RQ. Therefore, D(gi@ - - « gp”) is empty for any 


vector 4, 1.€., 
(2) 0(u) 
tET jet 


is nonempty for any disjoint partition (I, J) of the set 
(lez "ta -, p). 
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Conversely, let (Ri, - +--+, R,) and (R/, +--+, Rj) be 
two partitions of (1, +--+, 2) each of which is disjoint 
and such that the last condition is satisfied. Let R; 
==41) (2 wun tse anGue le = 0) lao o 2 Pan soermt Eee LeU 
SP =x, °° + Xe, and gf =xyl -- + xy,{. Then retracing 
our steps up to (1) we conclude that 


f~ II (e# + 88). 


Since the length of the right-hand-side expression is 
2n—1, weconclude that it is in Z(f). Observe that the 
case considered right after Lemma 1 is also included 
here since it corresponds to taking =1. Thus we have 
proved the following: 


Theorem 5 
For the Boolean expression, 
= / , 
FUG 5 Pn) hn ee een 


with n 2 m 2 2, 


we have LZ(f) =LZps(f) =LZsps(f) =n-+m-—1 so that 
Zps(f) C Zsps(f) C Z(f). Let (Ry-++, Ry) and 
(Ri, +--+, Ry), (b21), be any two disjoint partitions 
of (1, 2,---,), (4e., for any 2, R; is nonempty and 
R} is nonempty; for any 74j, R;(\R; is empty and 
Ri (\Rj is empty) such that 


(u R)O(U Ri) 
7El jet 


is nonempty for any disjoint partition (J, J) of 
(1,2,---,), (@e., J is nonempty, J is nonempty and 
IC\J is empty). Let R;=71, 712, ---, 7s; and R/ =7'l, 
Ble CO Dh t ti, S10) that Sptsot GOES +Sp=hth+ ee) iO 
+i,=n. Then 


Pp 
“Xn Il (Xeivig °° 


i=1 


/ , , 
Xm+1Xm+2 * * Kis; “avai ere eee Xe" t;) 


is in Z(f) and in this manner we obtain all the members 
of Z(f). 


Example 1 


Referring to Theorem 5, we give a few illustrations of 
Boolean expressions fi, f2, fs in Z(f): 


fils, * oe Oo, 
= Hn Anh °° Om + Me Decay, ie 
fo(a, rey Xn) 
= Hmpi* * * Xa(t1 + X2) (x2 + 43) - 
(Xm—1 + Xm )(%m F x1); 
fs(x1, < +45 &n) 
= Amer Mn(Mike + Met Le om) 
(Wey. °° Xm + x1 s+ 47) 


for any t<m. 
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Example 2 

We shall illustrate Theorem 5 by taking the case of a 
small number of variables, say m=n=3, so that 
f(sx1, X2, %3) =%1%2x3-+oer xz x¥. Then p= 1 2%or%3e 

Take p=1. Then the only partitions are cia 2ees 
and [(1, 2, 3,)]. The corresponding expression is 


filer, Xo, %3) = xrveKs 1 x'140'onr’s. 


Take p=2. Then there are six partitions satisfying the 
requirements, namely 


[(1), (2, 3)] and [(2), (1, 3)]; 
[(1), (2, 3)] and [(3), (1, 2)]; 
[(2), (1, 3)] and [(3), (1, 2)]; 


[Qs 
(yey) 
[(3), (4, 2)] 


(1) (3) )5 
tes) |: 


and 


[ 
[ 
and [(1), (2, 3)]; 
[ 
| 


and 
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These give the following six expressions: 


fol, Xa, 3) = (1 + x2) (wavs + ai x3 ). 
fa(x1, %2, %3) = (#1 + x3) (2x3 + x1 x9 ). 
Sales, %2, 3) = (x2 + a3) (x1xs + ai x2). 
fo(%1, X2, %3) = (2 + x1) (x1vs + wz x3 ). 
fo(«1, v2, 3) (a3 + x1 ) (x1%2 + xz x3). 


fr(%1, %2, 3) = (%3 + xd) (ive + 41 4x3). 


I 


I 


Take p=3. Then there are two partitions satisfying 


the requirements, namely 


[1, 2,3] and 12,3,4]; | [t) 2) 3lgands [satya 


These give the following two expressions: 


fia(a1, %2, %3) = (41 + x2) (xe + 23) (H3 + x1). 
fo(ar, %2, %3) = (41 + 48) (a2 + x1) (xs + 42). 


Thus there are nine absolute minimal expressions 


equivalent to f. 


A Generalized Resistor-Transistor Logic Circuit 
and Some Applications* 
S.C. CHAOT 


Summary—tThis paper discusses a generalized resistor-transistor 
logic circuit; i.e., the output produces a signal when any m out of the 
n inputs are ‘‘on.’’ Practical limitations such as using precision power 
supplies and components are discussed. However, for smaller values 
of n and m, circuits could be designed such that no special precision 
components and supplies would be required. Several practical cir- 
cuits are worked out, including a two-transistor binary full adder, a 
three-transistor comparator and a one-transistor-per-bit-ring counter. 
These circuits, especially the first two, are uniquely simple and low 
in cost. They can be incorporated with other circuits to simplify a 
digital system. It is felt that with ordinary supplies (less than 5 per 
cent voltage variation) and 1 to 5 per cent resistors, these circuits 
can be designed to be very reliable as one would expect from con- 
ventional circuits. The slight increase in cost of power supplies and 
components, if any, is, in many cases, over compensated by the 
simplicity of these circuits. 

Experimental circuits employing germanium alloy junction tran- 
sistors operate successfully at pulse rate up to 500 kc and an ambient 
temperature of 55°C. 


* Manuscript received by the PGEC, August 16, 1958; revised 
manuscript received, November 14, 1958. 
{ Link Aviation, Inc., Palo Alto, Calif. 


INTRODUCTION 
A TRANSISTOR NOR circuit! is essentially a 


multiple input inverter, where if one or more in- 

puts contains a binary “one,” the output will 
show a “zero.” Here “1” and “0” are represented by de 
voltage levels. Referring to Fig. 1, the inputs ay, ae, as, 
etc., can assume a voltage level of either zero or —e 
volts; the bias is arranged so that when one or more in- 
puts are at level —e the transistor becomes fully con- 
ducting and brings the output eo to ground (zero) level. 
If all of the inputs are at zero level, the transistor is cut 
off, leaving the output at —V;. In case an N-P-N 
transistor is used, voltage polarities and binary “1” and 
“0” levels will be reversed. Also, in general, the voltage 
levels are relative; the ground may not be chosen as one 
of the binary stages. 


1 W. D. Rowe and G. H. Royer, “Transistor NOR circuit design,” 
AIEE Commun. and Electronics, vol. 31, pp. 263-267; July, 1957. 
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This paper will explore the practical feasibility of a 
generalized transistor NOR circuit, where more than 
one input is required to be in the active state, the “1” 
state, in order to make the transistor conduct and hence 
give an output signal. The requirement of tighter con- 
trol of power supplies and components as the number of 
input levels increases is analyzed. Finally, some prac- 
tical circuits with attractive features of low cost and 
simplicity are given, including a two-transistor binary 
full adder, a three-transistor binary comparator and a 
one-transistor-per-bit-ring counter. 

There seems to be an area where a semi-analog, or 
hybrid, type of circuit employing voltage or current-sum- 
ming techniques may be used to advantage because of 
its low cost and simplicity. The precision requirements 
on voltage and components are not as serious as one 
might think at first. As we know, this technique is used 
to a certain extent in tube circuits. However, in transis- 
tor circuits, the variation of J,, and beta appear to com- 
plicate things somewhat, though by no means prohibi- 
tively. 


Fig. 1—Transistor NOR circuit. 


ANALYSIS 


Referring to Fig. 1, let ai, a2, - + * , an be the inputs, 
either 0 or —e volts. When the transistor is cut off, as- 
suming it has a very high input impedance, the base 
voltage is 


Te — Iai + a2 ° > * + Gn) 
Ge + nG 


(1) 


Vz, = 


where Ip=V3p/Rzs, [=e/R, Ge=1/Re and G=1/R. 
The quantities ai, d2 + - * 4 represent binary digits, 
either “1” or “0” depending on whether the particular 


input is active or grounded. ee: 
In general, for an m-level NOR circuit, the transistor 


should stay cut off when (m—1) inputs are “on.” We 
then have 
Ip — (m— 1)I 
Gz + nG 


Vi, = 2 0, (2) 


1.€., 
Ip > (m — 1). (3) 
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The equivalent conductance looking back from the 
base terminal is »G+Gg,. Therefore, the theoretical 
maximum [,, this circuit can compensate, without caus- 
ing the base potential to go above ground (emitter 
potential), is 


(Teo) max Sie (m = DWE (4) 


When m inputs are active, assuming the base-emitter 
voltage drop is small in comparison with e and Vz, a 
current-summing method can be used. The base current 
is 

in = mI — Ip. (S) 


Let the minimum dc current gain of a given type of 
transistor be B, we then have 


Buel — 1s) Ir, (6) 


where J; = Vi/Rz,=equivalent load current. The satu- 
ration voltage drop across the transistor is assumed to 
be negligibly small in comparison with Vi. From (4) and 
(6), we obtain 


Si, ii 
a ae (7) 
where 
Wee if 
a=1—-— and 6=—- 
I IB 


Eq. (7) is illustrated graphically in Fig. 2, where typical 
values a=0.9 and 6=0.3 are assumed. The straight line 
A represents m—Ip/I=a, while line B is a plot of 
m—Ipz/I=b. The inequality signs in (7) indicate that 
only the region between these two straight lines is per- 
missible. The difference of the ordinates is constant, and 
represents the allowable design tolerance. Therefore, it 
is desirable to enlarge this safety zone by proper design. 
This means: 1) lower J.., 2) higher beta, 3) lower Jz, 
and/or 4) higher J. For a given type of transistor, Ico 
and beta are conservatively fixed from the manufactur- 
er’s specifications, so that only 3) and 4) are at our dis- 
posal. Reducing Jz is not as effective as increasing I, 
which moves both lines outward. If saturation is over- 
looked for the time being (or is prevented by, for in- 
stance, employing a diode back-clamping technique), I 
can be chosen such that a~1 and 6<1. However, in 
practice, R cannot be made too low or there is a prob- 
ability of getting cross-talk among the inputs; also, the 
variation of base-emitter impedance may become quite 
appreciable so that the current source approximation 
no longer applies. Furthermore, it is obvious that more 
input current is required. 

From Fig. 2, if one defines a quantity r which is the 
ratio of the difference of the ordinates to the average 
value of the ordinates, we arrive at the expression 
shown in (8). 
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Fig. 2—Plot of (7), m vs Is/I. 


a—Jb 


[igh ee ee ae 8 
m — 1/2(a + 8) 8) 


Here r can be interpreted as the allowable percentage of 
variation of Iz/I, which is the combined variation of 
voltages and resistors. If the resistors are well matched, 
presumably more variation in voltages can be tolerated. 
It is possible to track the power supplies so that the 
voltages swing synchronously; in this case, the total 
variation is much reduced. From the definition of @ and 
b as shown under (7), one arrives at the following rela- 
tion: 


b. (9) 


If we define a’ =a/m and b’=b/m, (8’) and (9’) are ob- 
tained, which are convenient for the purpose of graph- 
ical solution. 


a’ — 0’ 
, ft . (8’) 
1 — 1/2(a' + B’) 
1 ra 
Toplte ha Gore (9) 
m Te 


Fig. 3 shows a plot of (8’) for different values of r be- 
tween UV and 2, This gives a ray of straight lines passing 
through the point a’ =b’ =1. For a given set of values of 
a, b, and m, the corresponding r can be found by inter- 
polation. However, if J,,, 8 and m are given, a unique 
design can be done graphically. First, (9’) is plotted on 
the same coordinates in Fig. 3, for different values of 
I1t/IeoB8 (or Ir). This gives a set of straight lines passing 
through the point a’ =1/m and b’=0. In Fig. 3, m=2 is 
illustrated. The intersections of these two sets of straight 
lines provide the values of r and I; to be considered for 
design purposes. The values of a and b are obtained 
after a suitable (7, Zz) point is chosen. A unique value 
of J is found by substituting known values into the ex- 
pressions of a or b. For example, given m=2, (Ico) max = 


a= Yn 


Fig. 3—Plot of (8’) and (9’) for m=2. 


0.1 ma and (8) min =30, if r=0.4 and J, =3 ma are desir- 
able, the point P is located in Fig. 3. Then a’ and 0’ are 
found to be 0.4 and 0.1 respectively, hence a=0.8 and 
b=0.2. J and Jz are then uniquely determined to be 0.5 
ma, and 0.75 ma, respectively. 

For a constant value of 7, the load current Jz can be 
raised, accompanied by an increase in a and 6, and 
hence the input current J. If, for a specified value of m, 
one wishes to determine the maximum tolerance, 7, 
locate the 1/m point on the a-axis, and find the maxi- 
mum allowable value of r by interpolation. Since m is an 
integer, it is seen that for m>2, 7 is less than unity and 
goes down almost in arithmetic order. However, it is 
not difficult to design a five or six level circuit (z.e., 
m=5 or 6) using less than 5 per cent voltage supplies. 

The allowable number of inputs, , can be determined 
from (2). Since it requires a few tenths of a volt between 
the base and emitter to insure cutoff, m cannot be made 
too large. In general, it should perhaps be less than ten. 
The number of loads one output can drive depends on 
whether the collector is clamped or not. In case it is 
clamped the maximum load should be less than the 
diode clamping current if the “off” level is to remain at 
the clamping level which is one of the binary states. If 
no diode clamping is employed, the maximum number 
of loads should be limited to such a value that, in the 
worst case, enough driving current can be insured to 
turn on the next stage. 


PRACTICAL APPLICATIONS 
Binary Full Adder 


Fig. 4 shows a two-transistor binary full adder. P-N-P 
type transistors are assumed. When N-P-N type tran- 
sistors are used, the voltage and diode polarities are re- 
versed. Inputs A, B, and C (carry) are binary numbers, 
either at 0 or — V2 volts, representing “0” or “1” re- 
spectively. Let V;/R=I=1 unit current. The positive 
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Fig. 4—Binary full adder. 


bias on transistor T; is such that 27 < Vg/Rgi<3I. The 
feedback from 72 to 7; provides a negative bias of 21. 
Therefore, 7; is cut off when none of the inputs is “on.” 
When one input is active (— V2 v), T; becomes fully con- 
ductive. Transistor 72 is biased such that I> Vs/Rz: 
>2I. Therefore, when two inputs are “on,” 7» goes into 
full conduction, which withdraws —2I from the feed- 
back path, kepping 7; from conducting. When all inputs 
are on, both transistors are in full conduction. This is 
essentially a Kirchhoff type adder, with the output 
from 7; and 7> designated as “sum” and “carry,” respec- 
tively. 

Practical design involves proper selection of J and 
bias so that enough margin of safety is provided. Some 
typical values are shown as follows: 


eV —10 volts, W= 25 v 
R=10k, Rei=4k, Reo=6.8k, and R,=3.3k (5 per 
cent bridged carbon resistors) 
Transistors—I,. <100 wa at 55°C 
dc beta> 30 
saturation voltage drop <1/4 v. 


Experimental circuits operated successfully at am- 
bient temperatures up to 55°C. When V2 and Vz were 
varied one at a time, a margin of four volts was ob- 
served. For the worst case, if V2 and Vz (magnitudes) 
swing in opposite directions, a 2.5 volt margin was ob- 
served. This checks out well with theoretical prediction 
using (8), where, for m=3, a 25-30 per cent margin was 
obtained from calculation. Outputs are clamped at 
—Ve2, plus the diode drop which amounts to a few 
tenths of a volt. Although this is not absolutely neces- 
sary, it does have a few advantages: 

1) stabilizes output level with load variation 

2) clamps out IR drop due to Te 

3) improves transient response. 


The phase inversion between the input and output 
can be taken care of by going through another stage in 
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cascade. However, taking advantage of complementary 
symmetry, V-P-N stages may be used in between, with 
emitters connected to — V2 and collectors clamped at 
ground. 

To further improve transient response, besides the 
use of high-speed transistors, adequate speed-up capac- 
itors can be connected across input resistors. Saturation 
can be prevented by using two extra diodes, one ger- 
manium and one silicon, connected as a feedback loop 
between collector and base. This will keep the collector 
junction a few tenths of a volt back biased instead of 
going into deep saturation. Since this and other tech- 
niques are well known, it will not be elaborated upon 
here. Applying the above mentioned techniques we can 
design circuits to operate at a switching speed below 500 
ke, using 5—10-me germanium alloy junction transistors. 
This is comparable to diode coupled logic circuits using 
the same kind of transistors. 

Full adders employing logic and, or and negation cir- 
cuits are more complicated and expensive.? It is not 
difficult to be convinced that these semi-analog-type 
circuits can be used to advantage in digital computers, 
especially when a large number of these circuits is re- 
quired in a single machine. 


Binary Comparator 


Fig. 5 shows a binary comparing circuit. All three 
transistors are positively biased such that I< Vg/Rz<2I, 
where J = V2/R is again defined as a unit current. Feed- 
back from 73 to 7; and T>2 provides a negative bias cur- 
rent of one unit each. Therefore, this circuit performs 
the following function: 


1) When input A is on (— V2 volts) and B is off 
(nearly ground), 7; is in full conduction. 

2) When A is off and B is on, J» is in full conduction. 

3) When both inputs are on, 73 goes into full con- 
duction and keeps 7; and 72 from conducting by 
withdrawing the feedback currents. 


A table can be constructed as shown in Table I. 


TABLE I 
A B T; T2 T3 
1 0 0 1 1 
0 1 1 0 1 
1 1 1 1 0 
0 0 1 1 1 


A circuit like this is very useful for sorting and collat- 
ing. Notice that any of the transistors can be part of a 
flip-flop or transistor logic circuit so that a more com- 
plicated control system can be built. Again, one can 


2 R. K. Richards, “Arithmetic Operations in Digital Computers,” 
D. Van Nostrand Co. Inc., New York, N. Y., pp. 89-96; 1955. On 

. 96, a tube version of application a) is given. 

3 “High- Speed Computing Devices,” C. B. Tompkins, ed., pus 
Res. Assoc. Inc., McGraw-Hill Book Co., Inc., New York, N. Y 
277-288; 1950. 
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Fig. 5—Binary comparator. 


figure out the logic and components required if conven- 
tional techniques are used. As is indicated in Fig. 3, a 
safety margin of r=40-50 per cent can be realized, and 
this has been observed experimentally with little match- 
ing and selecting of components. 


Ring Counter‘ 


A one-transistor-per-bit-ring counter can be con- 
structed as shown in Fig. 6, where a typical ternary 
counter is illustrated. Speed-up capacitor C is used to 
enable the counter to progress in the proper direction, 
in this case from left to right. For an -stage counter, 
each transistor has (n—1) inputs. The circuit is designed 
such that all inputs must be “on” in order to make the 
particular stage conducting. From Fig. 3, r decreases 
when the number of stages increases. A ten-stage ring 
counter can be designed to operate reliably using 1 per 
cent to 5 per cent resistors and power supplies of less 
than 5 per cent regulation. In comparison with a one- 
flip-flop-per-bit-ring counter, it needs about half as many 
components. 


4 A vacuum-tube version of this circuit has been described on p. 
20 of footnote 3. 


Fig. 6—Ring counter. 


CONCLUSION 


Multilevel resistor-transistor logic circuits and poten- 
tial applications have been discussed. It is demonstrated 
that reliable circuits can be designed with ordinary 
components and power supplies. Simplicity and low 
cost are the main features of these circuits. Many com- 
mercial transistors can be used without selection or 
matching; the minimum characteristics such as J,,. and 
beta are derivable from manufacturer’s specifications, 
taking into consideration temperature effect and aging. 

Only a few typical applications are illustrated. It is 
anticipated that circuit designers will use their ingenu- 
ity to develop many different circuits for specific ap- 
plications. On some occasions, it may become quite de- 
batable whether crystal diodes, a close competitor, 
should be used instead. However, one thing has to be 
kept in mind when using diode circuits; 7.e., gain devices 
such as emitter-follower or amplifier circuits are required 
every so many stages. In resistor-transistor logic cir- 
cuits, resistors perform the logic function and the tran- 
sistor provides the gain. Therefore, the cost should be 
evaluated on an over-all basis. 

A more general case with different values of input 
voltages and resistors for the different inputs can be 
worked out as well, though it is not as useful. 


1959 
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A Synthesis Technique for Minimal 


State Sequential Machines’ 
SEYMOUR GINSBURGT 


Summary—A method is presented which always yields a minimal 
state sequential machine satisfying a prescribed finite set of input- 
output sequences. An application is made to the case where a given se- 
quential machine is to be reduced, by the merging technique, to a 
machine having the smallest number of states possible. Numerous 
examples are given. 


I. INTRODUCTION 
IVEN a finite set 


TT) GR AOE, 1 Sess} 


of input-output sequences, there may exist many se- 
quential machines which are A-admissible; that is, to 
each input-output sequence 


Gite hwy Ev Eee), 


abbreviated (/*, E*), in A there is a state g(J‘, E*) with 
the property that starting in this state q(J‘, E*) the se- 
quence of outputs of the machine from the sequence of 
inputs J‘ is E*. The problem under discussion is to find 
an A-admissible sequential machine having as few or 
fewer states han any other A-admissible sequential 
machine. 

At present, this problem is handled as follows. An 
A-admissible sequential machine S is first found. Then 
the merging technique! ® is applied to remove super- 
flous, i.e., redundant, with respect to S, states. How- 
ever, there is no guarantee that the resulting sequential 
machine (which, of course, is A-admissible) is minimal, 
since the machine 5S satisfies more input-output require- 
ments than originally demanded. 

A technique is presented here which will always yield 
a minimal A-admissible sequential machine, together 
with the g(J, E). In essence, the method involves the 


following steps: 


* Manuscript received by the PGEC, August 18, 1958. 

+ The Natl. Cash Register Co., Electronics Div., Hawthorne, 
SD: A. Huffman, “The synthesis of sequential switching circuits,” 
J. Franklin Inst., vol. 257, pp. 161-190, 275-303; March/April, 1954. 

2G. H. Mealy, “A method of synthesizing sequential circuits,” 
Bell Sys. Tech. J., vol. 34, pp. 1045-1079; September, 1955. +p 

3 &. F. Moore, “Gedanken-Experiments on Sequential Machiues,” 
“Automata Studies,” Princeton University Press, Princeton, N. J., 
pp. 129-153; 1956. : : 

4D. D. Aufenkamp and F. E. Hohn, “Analysis of sequential ma- 
chines II,” IRE TRANS. ON ELECTRONIC Computers, vol. EC-6, 

: 85; December, 1957. i 
a eg home “Analysis of sequential machines II,” IRE 
TRANS. ON ELECTRONIC CoMPUTERS, vol. EC-7, pp. 299-306; Decem- 
pert gent R. E. Miller, and G. Metze, “Transition matrices of 
sequential machines,” IRE TRANS. ON Circuit THEORY, vol. CT-6, 


pp. 5-12; March, 1959. 


1) A lower bound, say u, on the number of states of 
an A-admissible sequential machine is determined. 

2) All sequential machines with states are con- 
sidered. 

3) If none is found to be A-admissible, then step 2) 
is repeated for n+1 states, +2 states, etc. 

4) The process is terminated when an A-admissible 
sequential machine with 2+ states is found. 


Eo ipso, the machine found in step 4) is minimal. The 
execution of steps 2) and 3) involves the selection of 
numerous choices. The more judicious the choices, the 
fewer necessary and the less the resulting computation. 
Therefore, the method as actually presented is more an 
art and approach than a mechanical procedure. How- 
ever, the method can be made straightforward merely 
by prescribing an order of preference in the determina- 
tion of the choices, 7.e., a set of rules which determines 
the next selection. (A mechanical procedure usually re- 
sults in more selections and computation than does a 
less straightforward procedure.) Different orders of 
preference may yield different minimal machines (all 
with the same number of states, of course). A study is 
now under way to determine an order of preference 
which can be programmed on a computer and which 
yields a solution in a “reasonable” length of time. 

In the second section of the paper, the notion of “con- 
straint” is introduced. The synthesis technique, in con- 
junction with constraints, is then applied to a variety 
of situations. One application is to the case where a 
given sequential machine is to be reduced, by the merg- 
ing technique, to a machine having the smallest number 
of states possible. 


ik 
The Synthesis Technique 


By a (deterministic) sequential machine, abbreviated 
by “machine,” is meant a finite number of inputs , -- -, 
In, a finite number of (internal) states qi,:-+, dn, a 
finite number of outputs /;, - - - , #,, and two functions 
6 and X. 6 is called the “next state” function and X, the 
“output” function. For some (possibly all) pairs (q, J), 
qa state and J an input, 6 takes (q, J) into a state 6(q, 
I), and for some (possibly all) pairs (q, 2), \ takes (q, J) 
into an output A(q, J). Given the inputs, outputs, and 
states, a machine is thus determined when 6 and X are 
specified for some (g, J). A machine can be given in 
matrix form, as shown in Fig. 1. (Some of the rectangles 
have a 6 or a J (or both) entry.) A matrix as given in 
Fig. 1 is called a “6, \ matrix.” 
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Fig. 1—6, \ matrix. 


The synthesis technique is explained here by two 
examples. 
Example 1: Let the set 
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of required input-output (abbreviated I-O) sequences 
consist of the following five I-O sequences: (abcaa, 
00101), (baacb, 10110), (bbcaa, 11001), (ccacb, 01001), 
and (acbac, 11010). For the set A just given, how many 
states does a minimal A-admissible machine contain? 
We now obtain an estimate of this number. In the 
fourth I-O sequence, note that the sequence of inputs 
ac occurs with the accompanying sequence of outputs 
00. Denote this situation by the pair (ac, 00). In the 
fifth I-O sequence there occurs (ac, 11) and (ac, 10). 
Any state of the machine which yields an output 0 
under input a, differs from a state yielding 1 under input 
a. Likewise, a state of the machine yielding 10 under 
the sequence of inputs ac differs from a state yielding 
11 under ac. Therefore, any A-admissible machine (for 
this example) contains at least three states. 

Let us systematize the procedure intimated in the 
previous paragraph [step 1) of the Introduction]. To do 
this, rewrite the I-O sequences as they appear in Fig. 2. 
In Fig. 2, x1-x%25 are symbols which represent the state 
the minimal A-admissible machine is in when the corre- 
sponding input-output occurs. (Many symbols may 
represent the same state in the minimal A-admissible 
machine.) Thus x,=q(J!, £"), 5 =q(I?; 2”), on = ¢(J3, E’) 
x16 = Q(t, E*), and x.1=q(1*, E5). Using Fig. 2, we now 
construct a “bounds chart” as follows. Record the dif- 
ferent outputs obtained from the input a, as well as all 
the x;, where these outputs occur. If one of the x,, say 
xj, is associated with an input which terminates an I-O 
sequence, afhx a star to the x;, obtaining x,;*. Repeat for 
b and c. The result appears in Fig. 3. Note that the in- 
puts are encompassed by a bracket “[” and the outputs 
by a brace “ { .” No symbol x; in Fig. 3 can be associated 
both with an output 0 and with an input 1 in the a- 
category. Similar statements hold for the other two 
categories. However, since different symbols may repre- 
sent the same state, a state in one category may coincide 
with a state in a different category. Each line (in each 
category) containing at least two unstarred symbols x; 


March 


is extended as illustrated in Fig. 4 for the a-category 
above. Observe that x, xu and xs are starred. This is so 
since the associated input sequences (of length two) 
beginning at these x; terminate I-O sequences. A star 
affixed to an x; indicates that the symbol x; cannot 
appear in any extensions of the line on which x;* is 
located. Also note that a brace is inserted which en- 
compasses only the “1” in “10: «24*.” In general, each 
rightmost (in Fig. 5) sequence of outputs has a brace 
immediate to its left and encompassing only it. 

A continuation of this procedure to its natural con- 
clusion leads to the “bounds chart” given in Fig. 5. 

The process of determining the number of states 
with which to start step 2) in the Introduction involves 
the notion of weight (of a bracket or brace). The weight 
w of the leftmost bracket in the bounds chart is the 
lower bound on the number of states with which we 
begin step 2). In a bounds chart, the rightmost brace 
on each line is given a weight of one. Each bracket is 
given a weight equal to the largest weight of a brace to 
the right of the bracket. Each brace which is not right- 
most is given a weight equal to the sum of the weights 
of the braces and/or the brackets immediately to the 
right of the brace under consideration. For example, in 
Fig. 5, the weight of the brace after “xis—[aa” is one. 
The bracket after “x;;—” has weight one. The weight 
of the brace immediately after “x, [ac” is two. As is 
easily seen, the weights of the braces immediately after 
“a,” “b,” and “c” are 3, 2, and 2 respectively. Thus, the 
weight of the first bracket is 3. 

We now use the bounds chart to determine the num- 
ber of states with which to start step 2) of the Introduc- 
tion. Construct a tree as follows. Starting from the left 
of the bounds chart, draw a line toward the right until 
the first bracket is crossed. If more than one brace is 
immediately to the right of the bracket, continue the 
line through the brace having the largest weight. (If 
two or more braces have the same largest weight, con- 
tinue the line through one and only one of them.) The 
line is then extended from this brace, branched if neces- 
sary, so that it will pass through the braces and/or 
brackets which are immediately to the right. Each 
branch is now treated as the original line. If a branch 
cuts a bracket, it is continued through a brace with 
greatest weight. If a branch cuts a brace, the line is ex- 
tended from the brace, again branched if necessary, so 
that it will pass through the braces and/or brackets 
which are immediately to the right. Continue this pro- 
cedure until all branches are to the right side of the 
bounds chart. One tree obtained by application of the 
above process to Fig. 5 is shown in Fig. 6. Select a sym- 
bol x; to the right of each of those rightmost braces cut 
by the above tree. Those states represented by the se- 
lected symbols are distinct from each other in every A- 
admissible machine. Label these states, w in number, 
as 91, 9, ***, Qu. From Fig. 6, we may let x=q, 
Xo4 = G2, and xg=qz. 
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Fig. 2—I-O sequences of example 1. 
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Fig. 3—First stage in constructing a bounds chart for example 1. 


Suppose that a minimal machine has only these three 
states, gi, g2, and q3. Using logical conclusions from the 
information at hand, we now try to determine such an 
A-admissible machine. From the bounds chart, we see 
that xo %o4, %1 ~x4, so that x21 =xs=q3. Since qi is the 
only state whose output is 0 under input a, qi=x7=%1 
=X, =X 3. Using these equalities and referring to Fig. 2, 
we deduce that 6(q1, a) =6(x7, @) =*s=qs, hence x2= 4s. 
Now we see that A(qz, 0) =0. Also, 


qs = 5(q1, a) = (x4, a) = %5 = 8(xu, @) 
= X15 = 6(X18, @) = X19. 
Then X(qs, c) =A(x19, c) =0. The I-O sequences and the 


(incomplete) machine at this stage are summarized in 


Figs. 7 and 8. 
At this point, we initiate a guessing process. in gen- 
eral, we try to select items in the 6, \ matrix and in the 
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Fig. 4—Second stage (for the a-category) in constructing 
a bounds chart for example 1. 
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Fig. 5—Bounds chart for example 1. 
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Fig. 6—A tree formed from the bounds chart of example 1. 


I-O sequences to guess about which have “few” alter- 
natives, with each alternative having numerous conse- 
quences. The rationale behind this is that fewer guesses 
then will be needed. 

The first item we consider in this example is the num- 
ber of 0’s and 1’s respectively in the c-line (of Fig. 8). 
Since there is at least one state whose output is 1 under 
input ¢, in the c-line of Fig. 8, either there is exactly one 
0 or there is exactly one 1 in the c-line. It is expected that 
each of these alternatives will furnish many conse- 
quences since each choice yields a criterion for identify- 
ing one state by its output. 
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Fig. 7—I-O sequences of example 1 and tentative 
associated states. 


Fig. 8—Tentative incomplete solution to example 1. 


Guess 1: The c-line has exactly one 0. Then each time 
the input c with the resulting output 0 occurs, the asso- 
ciated x; is qs. Thus q3=%13 =%16 =%25. Therefore, g1=x14 
=6(qs, c), and g3=%25=6(q2, a). Then x2 =6(q3, c) =q, 
so that (qi, b) =1. Also, x17 =6(q3, ¢c) =qi. Then A(q1, c) =1 
and 6(q1, c) =q. 

Clearly, x22q3. Next observe that x2#q:. For if 
X22 =i, then x23=qi, so that A(q1, 6) =0, a contradiction. 
Thus x22=q2, so that 6(q3, a) =q2. From the situation at 
x6, (b, 1) gq: is needed; that is, for some state q, 5(q,b) =q 
and A(q, b) =1. From xy, (b, 1) 93 is also needed. Thus, 
only one 0 in the 0 line can occur. Hence x23 = q3, so that 
(ga, c) =gs and 6(q3, 6) =qe. The results to this point are 
summarized in Figs. 9 and 10. (A “1” or “2,” etc., over 
a number or letter indicates which guess led to the in- 
sertion of that number or letter.) 

Now x3=6(qs, 0) =q2. Then gi =2x1=6(q2, c), a contra- 
diction. Hence, guess 1 is wrong and we start anew from 
Figs. 7 and 8. 
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Fig. 9—I-O sequences of example 1 and tentative 
associated states. 


Fig. 10—Tentative incomplete solution to example 1. 


Guess 2: The c line has exactly two 0’s. Consequently, 
the c line has exactly one 1. Therefore x3=qi or q@2. 

Guess 3: x3=q. Then A(qi, c) =1, A(ge2, c) =0, 8(qs, 5b) 
=q, and 6(q1, c) =q. Also gi =X9 = X17 = X22. From x and 
X22, X10 = X23 = Gi. Hence, 4(qi, 6) =g2 and A(qi, b) =0. Since 
there is only one output vacancy in the 0 line, namely 
under go, it follows that A(q, b) =1. As this is the only 1 
in the 6 line, x1=x12=q2 so that 6(q2, 6) =q.. From xe, 
(6b, 1)—q@ is needed. However, no space is available. 
Thus, guess 3 is wrong. 

Guess 4: x3=q2. Then A(q, c) =1, A(qi, €) =0, 6(qs, 8) 
=q2, and 6(g2, c)=qi. Also, qg2a=xX9=X17 =X. Then x93 
=46(xx, c) =4(q, c)=q, so that A(qi, b) =0 and 6(q, 6) 
=q2. Since the 0 line needs at least one (0, 1), it follows 
that A(q2, b) =1. Then x5 =x12=q2; so 6(q2, 6) =q. From 
xu, (b, 1) —q2is needed. But no space is available. Thus, 
guess 4 is wrong and thus guess 2 is wrong. Since guesses 
1 and 2 exhaust all possibilities, there is no three state 
A-admissible machine. 


| 
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__ Now consider the four-state machines [step 3) in the 
Introduction]. Let the states be labelled qu, gx, qs, and 
qs. Without any a priori knowledge, we again let x, =, 
Xea= Qe, and xs=q3. From the bounds chart we see that 
H7= Gi OF G4, X= OF G4, X1=Gi OF qu, X1g=qi OF qs, and 
X21 = G3 Or qu. Also A(qi, a) =0, A(q, a) =1, and (qa, @) = 1. 

The picking of x4, instead of x; or X14, to be qi was ar- 
bitrary. We now alter our original selections by letting 
%7=G. Then x.=q or qu. The advantage of this new 
choice over the former is that additional information is 
obtained, namely 6(q,, a) = qs. 

Our first guess concerns the output A(q, a). This is 
done to determine some of the states in the I-O se- 
quences. 


: Guess 1: X(qs, a) =1. Then there is only one output 0 
in the a-line. Therefore, q=x1=x,=*14=<1s, so that 
Js =X2=X5=Xis=X1g. Then A(qs, 6) =0 and d(qs, c) =0. 

The next guess concerns the “hole” between g3 and qi 
at x3. 

Guess 2: x3=q1. Then 6(g3, 6) =q, 6(u, c)=q, and 
(qa, c) =1. 

The next two guesses revolve around q;. 

Guess 3: x»=q. Then 4(g3, a) =q, and xy=q. Thus 
(qi, 6) =0. 

Guess 4: x= g3. Then x2=qi and x3=q:. Hence 
d(q1, b) SitbE 

The results to this point are summarized in Figs. 11 
and 12. 

At this point we try to determine some states where 
(6, 1) occur. 

Guess 5: x5=g2. Then 6(g, 6) =g: and A(q@, 6) =1. Ob- 
serve that x13g3 since this would imply xx.=q, and 
(qi, 6) =0, a contradiction. Therefore, x13=g2 or qs. 

Guess 6: x13=Q2. Then x» qe since 6(g2, b) =qi. Hence 
X12 = qu, so that 6(qu, b) =ge. From xn, (b, 1) qs is needed. 
But this condition cannot be fulfilled. Thus, guess 6 is 
wrong. 

Guess 7: x13=Qs. Then 6(q, c)=q and X(q, c) =0. 
From the 6 line, x2=qs and xu=qs. Thus, 6(qu, 6) =qa 
and A(qu, 6) =1. 

The remaining guesses are perfunctory. 

Guess 8: X17=41. 

Guess 9: x16 = qa. 

Guess 10: X20 = 2. Then 6(qs, c) =qe. 

Guess 11: x25= q3. Then 6(g2, @) = qs. 

The final results are summarized in Figs. 13 and 14. 

If different choices were to be made in the guess pro- 
cedure, then it is entirely possible that an essentially dif- 
ferent minimal A-admissible machine would be ob- 
tained. In other words, for a given set A there need not 
be an essentially unique minimal A-admissible machine. 

Example 2: Our second example is more complicated 
than the first. The I-O requirements are given in Fig. 15. 
The bounds chart appears in Fig. 16(a)—16(c). 

The weight of the first bracket is eight. Thus, a mini- 
mal A-admissible machine requires at least eight states. 
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Fig. 11—I-O sequences of example 1 and tentative 
associated states. 


Fig. 12—Tentative incomplete solution to example 1. 


Suppose that eight states suffice. Let the states be 
labelled gi-gs. Inspection of the bounds chart reveals 
we may assume that Xu =i, X%33=—G2, X2=Q3, Xu=—Q, 
X16=5, *4=46, %30= 47, and X43 = 8. Thus, (CH, a) 
=N(q2, @) =A(qs, @) =A(qu, 2) =0, and Ags, a) =A(Go, @) 
=)(q7, @) =A(qs, a) =1. Since the machine has precisely 
eight states, Xu =X1s=s, %41=Qs OF Yo, Xu=Qs Or qu, and 
X20 = 3 OF qa. 

We now resort to judicious guessing. The first three 
guesses involve choices for x;, for 7=11, 20, 41. The 
selections made for xy and x29 were chosen to take ad- 
vantage of 6(q:, ab) = 4s. 

Guess 1: xu=qs. Now gs=6(qu, ab) =6(qu, ad), 7.e., 
subjecting the machine in state gq, to the sequence of 
inputs ab, the terminal state is gs. Thus, «13=6(xu, ad) 
=6(q4, ab) =qs. Then qa=xXu=4(x13, @) =6(gs, a). Then 
X17 =6(gs, @) =qu, SO A(qu, 0) =0. Also x47 = qu. 

Guess 2: xu =Qs. Then x2=q and 6(q, b) =qs. Then 
X13 = X4g = Qs, SO INCE b) =(0} Po 
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Fig. 13—I-O sequences of example 1 and final 
associated states. 


Fig. 14—Solution to example 1. 


Guess 3: X9=q4. Since gs=%13=6(qa, ab), X22=8(qa, 
ab) =qs5. Thus, \(qs, 6) =1. 

From the I-O sequences, (b, 0)—q@, (0, 0)— qs, and 
(b, 0) qs are needed. The next guess is based upon con- 
serving the space in the 6 line. 

Guess 4: 6(qs, b) =qs. Thus (6, 0)— qs can be satisfied. 
Then X19 = 5. 

Guess 5: There is only one state for which (6, 0)— 45. 
Then 3 = X12 = X15 = Xo1 = X40 = X45. Also, q3g=—Xu1 = 5(q4, a) Q 

Our results to this point are summarized in Figs. 17 
and 18. 

At this stage of development, it appears that the most 
promising guesses involve x3, x23, and x44. While this may 
be true, we shall select a different approach, namely one 
which determines x5, x,5 etc. We are motivated, rightly 
or wrongly, by the fear that indiscriminate selections 
for 3, X23, and x44 would fill up the 6, \ matrix so that 
there might be trouble in determining x5, x6, etc. 

Guess 6: 6(qe, a2) =qs. Then x5= qs and x5 =qs. Consider 
5(qs, 6) =x7. X7=Qs, Ys, Qi, OF Qs. X7A~Qs since xg¥qQs. 
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Fig. 15—I-O requirements for example 2. 


5(qs, 0) ¥qs since otherwise x23 = G5 = X21 = qi, a Contradic- 
tion. x23 qs for the same reason. Thus, 6(q5, 6) =q7 so 
that x7 = X23 = q7. Since X23 = gz, A(q7,b) =1 and 6(qz, 6) =q. 

Next observe that 6(q7, @) =Xs=Q1, Qe, Qs, OF G4. XH Q4 
since %9 Qs. 

Guess 7: 5(q7, a) =g3. Then xg3=x31 = Qs, So A(qz, 6) =1. 
Now 6(q3, @) =X9=Qi, 2, Js, OF G4. X~A~Qs3 Since x19 Qo. 
x3 =46(qs, @) ~gu since x4A#qs. Thus, 6(gs, @) =qi or qo. 

Guess 8: 8(q3, 2) =q. Then xy =qi and x19 = X25 =6(qi, @). 
But A(x10, 6) ZA(x95, 0). Thus, guess 8 is wrong. 

Guess 9: 6(qs3, @) =q2. Then x9 =q2 and x19 = X34, whereas 
A(X10, 0) ~A(X34, 6). Thus, guess 9 is wrong. Hence, guess 
7 is wrong. 

Guess 10: 6(q7, @) =q@. Then xs=%x31=q2 so X(q2, b) = 1. 
From x; we have (a, 1)—>q3. Inspection of the a line re- 
veals that x1=qs, so that (qs, a@) =q3. Then xs4=q3, so 
5(qs, 0) =gs and (qs, 6) = 1. 
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Fig. 16—Bounds chart for example 2. 
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Fig. 17—I-O sequences of example 2 and tentative 
associated states. 
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Fig. 19—I-O sequences of example 2 and final 
associated states. 


Fig. 18—Tentative incomplete solution to example 2. 


The I-O sequences require (b, 0)—q and (6, 0)— 4. 
Thus, (qi, 0) =A(qe, 6) = 0. Then either 


@) 5(q1, 6) = qe and 46(q6, b) = qe 
or 
Gg) 5(q, 6) = q2 and (qs, b) = qo. 


Now consider 6(q@, @) =x9=xs4. Then x9=q1, qo, gs, OF 
Qa. X9AGs Since X10AQs. Then x9 qe since x19 ~q2. Also, 


Fig. 20—Solution to example 2. 


X347Gi since A(x34, 6) #0. Thus, 5(g2, a) =g3. Then x9 
= X34 = Qs. Hence X35 = 8s, X33 =Q5, X37 = a, and X33 = Qs. 

Next, 6(q1, @) =%25= qa, Js, Ys, OF G7. Then x25 qs since 
X26 qs. Also x25 q7 Since X2~qi. Thus 8(q1, a) = qe or qs. 

Guess 11: 6(q1, a) =qs. Then x2= 97 and x2.7=q,. Now 
X23=6(qi, 6) and x23#q2. Thus, (*) holds, i.e., 5(q1, b) =qe 
and 6(g, 6) =q2. Then x23=gs. Using the d line, we get 
x3=qi, SO (gs, @)=qi; thus, x10=qi. Also, X32= Qs and 
x39=qs. Therefore, 5(g2, 6) =qe, SO x24 =Qs. 

Our results are summarized in Figs. 19 and 20. 
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III. Constraints 


A “constraint” means a piece of information or a fact 
about a state other than that given by the I-O sequences 
of the set A. The synthesis technique, in conjunction 
with constraints, can be applied to a variety of situa- 
tions. 

One sample of a constraint is the assertion that a 
specified state «; be a terminal state, i.e., 6(x;:, I) =x; for 
each input J. This particular constraint yields informa- 
tion about the next state of a specified x,. 

The demand that a specified x; be a terminal state 
cannot always be satisfied. For example, given the I-O 
sequence 


Hy Xo X3 Xa 
dra 0a 


eel UO; 


there is no A-admissible machine which has x; as a 
terminal state. This is so since x; being a terminal state 
implies x2=6(x1, @) =%1, a contradiction because (x1, a) 
#X(x2, a). The demand that the last state of a specified 
I-O sequence (x, in the above sequence) be terminal can 
always be satisfied. 

Another example of a constraint is the assertion that 
the machine is to have a starting state q,, that is, the 
first state for each I-O sequence in the set A, is the state 
gs. This particular constraint has as a consequence that 
certain of the x,’s are identified before the synthesis 
technique is applied. 

For a particular set A of I-O sequences there may not 
exist any A-admissible machine which has a unique 
starting state. For example, if A consists of the two I-O 
sequences. 


X%1 X2 X3 X4 X5 XG 


ie a eal Pe WD 


O-a0 0 t°6".0, 


then there is no A-admissible machine which has a 
unique starting state. This is so since the existence of 
a unique starting state implies that x1=x,, whereas 
N(x1, @) #A(x4, 2), 7.€., X17%4. In general, if no two I-O 
sequences in a given set A of I-O sequences can be found 
for which the bounds chart requires the first states of 
the two I-O sequences to be different from each other, 
then an A-admissible machine exists which has a unique 
starting state. 

In view of the remarks just made about terminal 
states and starting states, given a set A of I-O sequences 
and a set of constraints, the existence of an A-admissible 
machine satisfying the given constraints in general de- 
pends on the particular set A and the constraints. : 

We now consider the following problem which arises 
in design and synthesis theory. 

Problem P: Suppose that a machine 5S is given. Find 
a machine T= Y satisfying the two properties 
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1) Y isa machine obtained by merging the states of 
"and 

2) the number of states in T is as few as, or fewer 
than, the number of states of any other machine Y satis- 
fying 1). 


This problem can be solved by obtaining the set of all 
machines which result from merging states of S; and 
picking from this set of machines a machine with the 
fewest number of states. Another way to solve problem 
P is to use the synthesis technique subject to suitable 
constraints, as is illustrated in example 3 below. 

Example 3: Fig. 21 is the 6, \ matrix of a machine S.8 
Using the synthesis technique, subject to constraints, 
we shall find, for this machine S, a machine T which is a 
solution to problem P. 

In order to do this, we represent S in terms of a finite 
set of I-O sequences as follows. The entry £;0 at the 
intersection of row b and column fi, is represented by 
the I-O sequence 


pi ps 
0. 


For each entry in the 6, \ matrix, a corresponding I-O 
sequence is obtained. The set of all these I-O sequences 
is to be the set A and is given in Fig. 22. Observe that 
the 6, X matrix found from the set A of I-O sequences, 
together with a knowledge of the associated states p; as 
given in Fig. 22, is the original 6, \ matrix in Fig. 21. 
Thus, Fig. 22 completely determines S. Hence, Fig. 22 
can be used to represent S. 

Another way to represent Sis by Fig. 23 together with 
the following constraints: 


(pi=)X1 = %3 = Me 


(po=) x14 
(ps=) x2 = Xs = X7 = Xo = Xs 
(ps=) Xs = X11 = Xie = X20 


(ps=)xX4 = X10 = Hig = X15 


(pPe=)X6 = X17 = Hip. 


7 Given a machine S let {Qi, Q2, +++, Qr} bea family of nonemp- 
ty sets of states of S satisfying the following conditions: 


a) Each state of S is in one and only one of the Q;. 

b) For each Q; and for each two elements q; and g; in Q,, if I is 
any Pur such that d(q;, J) and A(qz, I) exist, then d(q;, Z) 
=)tgn, J). 

Rocek Q; and for each two elements gq; and gz in Qi, if I is 
any input such that 6(q;, Z) and 6(qx, I) exist, then 6(q;, Z) and 
5(qxz, I) are in the same set Qi. 


wa 


Cc 


Then a machine Y is obtained as follows. The states of Y are the 
symbols Qi, - - : , Qr. If 6(q, I) exists for some g in Q; and 6(q, I) is in 
Q;, write dy(Qi, I) =Q;. If Mg, L) exists for some g in Qi, write dy(Q;, I) 
=}(q, I). The machine thus defined is said to be the machine resulting 
from the merging of the states comprising Q1, Q2,- + -, Q,. 

8 This machine appears in slightly different notation in D. D. 
Aufenkamp and F. E. Hohn, “Oriented Graphs and Sequential Ma- 
chines,” Bell Lab. Rep., p. 30; August, 1954. 
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Let A be the set of I-O sequences of Fig. 23. Observe 
that any machine obtained by merging states of S is 
A-admissible and satisfies the above constraints among 
the x,;. This is because merging preserves both outputs 
and the next states. On the other hand, suppose that T 
is an A-admissible machine obtained by the synthesis 
technique, which satisfies the above constraints among 
the x,. If two x;, say x; and x;, belonging to different 
constraints, are made equal, this corresponds to merging 
the p’s equal to x; and x, respectively. It is easily seen 
that this merging preserves outputs and next states. 
Thus, 7 is formed by merging states of S. Due to the 
minimal number of states of 7, 7 is a solution to 
problem P. 

We now construct machine 7. 

The bounds chart for Fig. 23 is given in Fig. 24. 
(Each x; in Fig. 24 is starred because the I-O sequences 
are of length one.) 

Suppose that there are just two states, g1 and @, in T. 
From the 0 category we may assume that x1=q and 
X13 = Qe. Since there are only two states in 7 and just one 
1 in the 6 line, x17=qge. Then x19 =%17=%13=%15. But 
(x19, €) ¥A(X15, €), SO that x19 x15. From this contradic- 
tion we see that 7 must have more than two states. 

Suppose that there are just three states, qi, go, and qs, 
in7. Again we may let x1 =q.and x13 = qe. Thus, A(qi, 0) =0, 
Moe, eo) — 1, Gi =X3— hp, And 7 —Ka— 09 — Kgs , Len 
Aes, 2) =A, a) =1, AG, C) =A(Q, cc) —1, and @=xa 
=6(q, d). Since (x17, byt and (qi, b) =0, X17 Qi. 
From %17=X19, A(X19, ¢) =0, and A(qg, c) =1, it follows 
that x17 q2. Thus, g3 = x17 =X6 = X19. Then (qs, 6) = 1 and 
A(Qs, C) =0. 

Consider x7. Since A(x7, c) (qs, Cc), X7=Gi Or ge. Then 
X7AQi since x;=xX»9 and A(x», d) ¥A(qi, d). Thus, g.=x7 
=X. =X, =Xy=Xig. Then go=x2.=46(q1, b), gs =Xe= 5(qr, a), 
(qa, a) =1, go = X19 = 8(qe, d)), A(q, 6) 2; and q2= X18 
=46(qgs, b). 

Consider x. Since A(xu, a) =0 and A(q, a) =1, x1 
Aq. Thus, xu=qi or gz. 

Guess 1: xu=q. Thus, g1.=Xs=Xig=X20. Then qi=xX12 
=6(q, a), ACH, a) =0, gi =xs=46(qe, c), and qi = X20 
=0(qs, ¢). 

Guess 2: X4= 2. Then 6(g2, b) =qo. 

The final results are summarized in Figs. 25 and 26. 
This same machine 7 can be obtained by the merging 
technique if p: and p4 are merged to q1; fo, ps, and p; to 
q2; and p¢ to qs. In the paper from which example 3 was 
drawn, the merging of pi, po, and py to qi; ps and ps5 to 
gz; and pg to gs was made. This is the merging that would 
ensue if guess 2 above were changed to x4=q1. 

In example 3, each 6 entry was accompanied by a \ 
entry, and each ) entry by a 6 entry. In general, if a 
rectangle of a 6, \ matrix contains just a \ entry, only 
one symbol x; occurs in the representation of this 
entry by an I-O sequence. For example, suppose S is as 
in Fig. 27. The representation of S in terms of I-O 


Fig. 21—é, \ matrix of example 3. 
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Fig. 22—I-O sequences which represent the 
6, \ matrix of example 3. 
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Fig. 24—Bounds chart for example 3. 
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Fig. 25—I-O sequences of example 3 and final 
associated states. 


1 0 1 2 


Fig. 28—I-O sequences representing the 6, matrix of Fig. 28, 
with p’s replaced by x’s. 


Fig. 29—8, \ matrix of example 4. 
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Fig. 31—I-O sequences of 6, \ matrix of Fig. 30, 
with p’s replaced by x’s. 
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Fig. 32—Bounds chart for example 4. 
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Fig. 33—I-O sequences of example 4 and final 
associated states. 


Fig. 34—-Solution to example 4. 
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sequences is given in Fig. 28. The constraints are the 


following: 
Pic ol —ae6 
poi Xe = x3 


ps: Xa = XG. 


Suppose that some rectangles of a 6, \ matrix contain 
just a 6 entry. Then unknown outputs, restricted to the 
outputs of the machine, are inserted next to these 6 
entries. The synthesis technique is applied, with some 
of the unknown outputs then assuming definite outputs. 
The remaining unknown outputs are then given arbi- 
trary outputs in such a way as to form a machine. 

Example 4: Let S be as in Fig. 29. The outputs of S 
are 0 and 1. The 6, A matrix is augmented as shown in 
Fig. 30, with each £; being 0 or 1. The set A of I-O se- 
quences is given in Fig. 31. The constraints on TJ are 


joie ae = ae 
jOpe Up = yy = 8 Bs 
p3: %6 = X7 = X3 = X15 
par X10 = X13 


Ps: X11 = Xin = Xi. 
The bounds chart is given in Fig. 32. 

Now it is not difficult to show that there is no two- 
state A-admissible machine satisfying the given con- 
straints. Therefore, we start with three states qi, gz, and 
gs. We may assume that g;=xs and qz=x;. Then gi=x¢ 
=X7=X15, Q2=X2=X3=HX4, A(qi, 0) =O, and A(q, 5) =1. 
Thus, ¢=*x1=46(q@, a), Fa=X(q@, @), Gi =xX7=4(q, a), and 
F,=A(q, a). 

Guess 1: Xu=q3. Then (gz, 0) =1 and 8(qz, 6) =q. 
Also g3=%11=%12, so that A(q3, a) = Ey. 

Guess 2:%,=q.. Then 0=X(q, a) = FE, and xy=qe. Thus, 
g2=6(q1, 0). 

Consider x39. Since 6(x10, 6) =q3, x10=q2. Then (qs, 6) 
=qs and F3=X(q@, b) =1. Also x13=qe, so 5(q3, @) = qo. 

Since all states x; are determined, a machine is de- 
fined (£; and Fy, are left arbitrary). The results are sum- 
marized in Figs. 33 and 34. 
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Consider the following variation of problem P. Given 
a machine S and a set A of I-O sequences, find a ma- 
chine 7 = Y such that 

1) Yis an A-admissible machine which contains as a 
submachine, a machine merged from states of S; and 

2) the number of states in Tis as few as, or fewer than, 
the number of states of any other machine Y satisfy- 
ing 1). 

To solve this problem, represent S in terms of a set 
A, of I-O sequences with a set C of constraints. A ma- 
chine obtained by applying the synthesis technique to 
the set of sequences A\UA1,° subject to the set C of con- 
straints, is easily seen to be a solution to the above 
problem. 

IV. CONCLUSION 


A minimal A-admissible machine has been con- 
structed by making guesses based on the information 
in the I-O sequences and the 6, X matrix. The amount 
of computation involved in obtaining a minimal ma- 
chine depends on the shrewdness of the guesses selected. 
Experience indicates that for machines with just two 
inputs, if the sum of the lengths of the sequences of in- 
puts of all the I-O sequences is no more than sixty, then 
the computation can be performed by hand by an indi- 
vidual in less than a week. Due to the different factors 
affecting the guesses, the method as it now stands does 
not appear to be practical to program for a computer. 
However, simple variations of the technique, 7.e., orders 
of preference, which reduce the number of factors in- 
volved in guessing but demand more guesses, do appear 
feasible for computers. Clearly, further study is in order. 
In addition to finding more powerful criteria for guess- 
ing, it would be desirable to find a method which deter- 
mines initially whenever possible, a larger lower bound 
on the number of states in an A-admissible machine 
than that now given by the bounds chart. 
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A Ring Model for the Study of Multiplication 
for Complement Codes* 
HARVEY L. GARNER{T 


Summary—A model is presented which, when modulo addition is 
used, can be used to derive multiplication correction schemata for 
operands expressed in either the radix complement or the diminished 
tadix complement code. 


INTRODUCTION 


HE process of machine multiplication involving 

operands coded in a complement notation requires 

certain corrections before the correct product is 
obtained. Corrective procedures associated with the 
radix complement code have received considerable at- 
tention! but corrective procedures for the diminished 
radix complement code have not been publicized. 

In this paper, a model is presented which can be used 
to derive multiplication correction schemata for op- 
erands expressed in either the radix complement or the 
diminished radix complement code. The model provides 
a picture of the required correction process and gives a 
relationship between the corrections required for multi- 
plication with the radix complement code and the 
diminished radix complement code. 

The model is applicable only when the fundamental 
operation involved is addition (specifically modulo addi- 
tion). The model is not applicable when the adder is re- 
placed by a subtractor to obtain positive zero.* 

The approach presented in this paper is somewhat 
novel in that basic concepts of modern algebra are em- 
ployed to establish a model of the multiplication process. 

It is stated in Burks, Goldstine and Von Neumann! 
that machine multiplication is not a modulo process. It 
is shown in this paper that machine multiplication may 
be studied as a modulo process if the proper model is 
chosen. 


THE RING 


The model used for the study of the multiplication 
process for a complement code is a member of a general 
class of mathematical systems which are called rings. 
Several different types of rings exist. The characteristics 


* Manuscript received by the PGEC, August 25, 1958; revised 
manuscript received, January 13, 1959. ; 

+ University of Michigan, Ann Arbor, Mich. ; formerly at Lock- 
heed Missiles and Space Div., Palo Alto, Calif. f j 

1A. W. Burks, H. H. Goldstine and J. Von Neumann, Prelim- 
inary Discussion of the Logical Design of an Electronic Computer, 
Part I, Inst. for Advanced Study, Princeton, N. J., pp. 13-19; 1947. 

2 R. F. Shaw, “Arithmetic operations in a binary computer,” Rev. 
Sci. Insir., vol. 21, pp. 687-693; August, Cae ee a 

3 J. E. Robertson, “Two’s complement multiplication in paralle 
binary computers,” IRE TRANS. ON ELECTRONIC CoMPUTERS, EC-4, 

. 118; September, 1955. ; ’ if . 
dy R K. Richards’ “Arithmetic Operations in Digital Computers,’ 
D. Van Nostrand Co., Inc., New York, N, Y,, p. 126; 1955. 


of the general ring are of interest to the present discus- 
sion and will be presented briefly. The relationship be- 
tween the ring model and the multiplication process is 
established by a particular theorem. This important 
theorem is presented in the material which follows. 

A ring is a set of elements associated with two de- 
fined operations called ring addition and ring multipli- 
cation. The elements and the operations of the general 
ring are such as to satisfy the following set of postulates: 


1) The operations and the elements form a closed 
system. That is, an operation on any element of 
the set or an operation between any pair of ele- 
ments of the set produces a result which is an ele- 
ment of the set. 

2) The operations of ring addition and ring multipli- 
cation are associative and also distributive. 

3) The operation of ring addition is commutative. 

4) One element of the set is the unique additive iden- 
tity or zero element. The zero element will be de- 
noted by the symbol Z. Z is defined by the follow- 
ing equation, where a is any element of the set: 


a@Z=a. (1) 


5) For every element of the set there exists a unique 
additive inverse. The additive inverse is denoted 
by a prime symbol and is defined by the following 
equation: 

a.@ a= 2. (2) 


The symbol @ is used to distinguish the ring addi- 
tion from ordinary addition. The symbol © will be 
used to designate ring multiplication. 


There are several theorems concerning the general 
ring. However, only one of these theorems is pertinent 
to the material which follows. The theorem concerns the 
behavior of the additive inverse relative to the opera- 
tion of multiplication and is presented now without 
proof. 

Theorem: The multiplication of some element of the 
set, a, by the additive inverse of some element of the set, 
b’, results in a product which is the additive inverse of 
the product ab, namely (a©b)’. 


UO.b (eo by (3) 


Furthermore, the multiplication of a’ and 6’ results in 
a product which is aOb. 


aOQb=a0b. (4) 
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The properties of rings presented above are sufficient 
for an understanding of the remainder of this paper. The 
reader is referred to any of the many standard texts on 
modern algebra, if an extension of the ring concepts is 
desired.*® 


Tue ADDITIVE INVERSE AND THE COMPLEMENT 


It is a well-known fact that the finite sequence of 
integers 1,2, ---, M@—1and the element zero is a ring 
under modulo M addition and multiplication.6 Com- 
puter number representations are by necessity finite. 
There is no loss in generality if the radix point of the 
computer number is assumed to be located at the ex- 
treme right. The numbers represented by the computer 
number system are then consecutive integers and zero. 
The addition executed by the computer is modulo addi- 
tion. Successful computation requires a correspondence 
between the modulo addition executed by the computer 
and the ordinary addition process. An overflow occurs 
when the required correspondence does not exist. 

It is the finiteness of the number systems used in com- 
puters which permits the introduction of the comple- 
ment as a representation of negative numbers in order 
to obtain subtraction from the mechanism of addition. 
The additive inverse may correspond to either the radix 
complement or the diminished radix complement de- 
pending on the choice of the zero representation. Con- 
sider the following definitions for a number system con- 
sisting of n+1 base 6 digits: 


The radix complement of a, &z is defined as 
a+ Gp = $+, (5) 
which in terms of modulo 6"* addition becomes 
a ® a@eg = 0 = Zp. (6) 
For the diminished radix complement, 
a+ &@p =a &p = b"*!—1= Zp. (7) 


In the binary number system, if the zero representation 
contains all zeros (this is commonly called positive 
zero), then the additive inverse corresponds to the two’s 
complement. If the zero representation consists of all 
one digits (negative zero), then the additive inverse 
corresponds to the one’s complement. 

Let the elements of a modulo number system pu con- 
sist of the integers from zero to 6"+1—1. The elements of 
& form complement pairs (a, &) or (a, &p) as defined by 
(6) and (7) above, where 


0<a< b™!—-1 acu 
0< Ge < 61-1 On ep 
O<a<b"'—-1 apEu. (8) 


5G. Birkhoff and S. MacLane, “A Survey of Modern Algebra,” 
Macmillan Co., New York, N. Y.; 1953. 

6 E. R. Stabler, “An Introduction to Mathematical Thought,” 
Addison-Wesley Publications Co. Inc., Cambridge, Eng., pp. 150- 
151, 186-187; 1953. 


March 


The representation of positive and negative numbers 
in a modulo number system is obtained by partitioning 
the elements of the modulo number system into two 
sets consisting of consecutive elements. A common 
partition which permits rapid identification is: 


radix code 
=< An 02) at Area 
(b/2)b" < Ar < bo"! Ar € Gr (9) 
diminished radix code 
Ap (by 2b Ap€a 


(b/2)b” < Ap < n™1—1 Ax Cap 
0 = Ap or Ap. (10) 


The elements of Ar or Ap will be referred to as the nor- 
mal form and the elements of Az and Ap as the comple- 
ment form. The following associations may be estab- 
lished: Arooa, Arb, Apc, And, where 


0 < |a/k| < (6/2)0"—1 
1< |b/(—k&)| < (6/2)6" 
1 < |c/k| < (6/2)b" — 1 


< 
0 < |d/(—)| < (6/2)b" — 1. 


(11) 


For the purposes of this paper, R may be assumed equal 
to one without any loss of generality. This means that 
the complement elements will be associated with nega- 
tive numbers while the normal elements will be associ- 
ated with positive numbers. When there is no confusion 
as to the particular complement code under discussion, 
the subscribes of Ar and Ap will be dropped. 


THE DEVELOPMENT OF THE MODEL 


The finite number systems commonly used in com- 
puter arithmetic units behave in accordance with the 
postulates for the general ring for the addition operation 
involving either normal or complemented representa- 
tions if ring addition is defined as modulo addition. The 
rules of addition are, of course, dependent on the type of 
complement representation employed. In particular, it 
is necessary to account for an end around carry when 
the diminished radix complement notation is employed. 
The need for the end around carry is due to the fact 
that the positive zero is excluded as a permissible ele- 
ment in the diminished radix complement code. How- 
ever, the basic addition rule remains unchanged so that 
the positive zero representation is enumerated. When 
this occurs a correction in the form of the end around 
carry is required. The need for an end around carry cor- 
rection is indicated by the presence of a result which 
overflows the capacity of the finite number representa- 
tion. The end around correction is never required for add 
like operations when the radix complement code is em- 
ployed. When the radix complement code is employed, 
the digits which represent the overflow part of the 
representation are ignored. 
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_ The multiplication operation in a computer is nor- 
mally obtained by repetitive addition. The multiplica- 
tion of two r-digit numbers may produce a product of 
2r digits. The elements of the product set are the con- 
secutive integers from one to 62°—1 and zero. With re- 
gard to the properties of the ring, the usual machine 
multiplication process lacks closure since the 2r-digit 
product is not a member of the set which contains the 
multiplier and the multiplicand. However, by the in- 
troduction of a simple artifice, it is possible to obtain 
closure with respect to multiplication and hence the 
existence of the ring model for multiplication. The arti- 
fice which obtains closure is the selection of the operands 
from the product set consisting of elements of 27 digits. 
Ring multiplication is valid for every element of this 
set. However, only some of the elements of the product 
set correspond to the r-digit operands used in the ac- 
tual computer arithmetic. The elements of the prod- 
uct set which correspond to the r-digit operands used in 
the actual computer arithmetic are determined by the 
manner in which the computer number system is parti- 
tioned to represent positive and negative numbers. We 
shall follow the conventional partitioning presented in the 
previous section. Observe that the definitions for &g and 
@p for a modulo 6"*! number system can be modified to 


a+ Grp = bn 


ata = br —1 (12) 


where 


m= 1. 


Specifically m may equal n. Thus the 2n digit elements 
of the product set which have zero values for the n 
high-order digits correspond to the positive operands. 
The elements which have a value of 6—1 for the  high- 
order digits correspond to the +1 digit complement 
coded operands. When considering diminished radix 
complement coded systems, the element consisting of 
all zeros is excluded from the set of allowable operands 
since this element is positive zero. 

It has been shown that the set of 2n-digit product 
elements is a ring (with respect to modulo addition and 
multiplication) containing elements which correspond 
to the usual n-digit operands. 

The importance of obtaining a model of the normal 
computer multiplication process, which is a ring, lies in 
the applicability of the ring theorem concerning the 
multiplication of the additive inverse. This theorem was 
presented in a previous section. By virtue of this the- 
orem, it is guaranteed that the ring model of the multi- 
plication process will give the correct product repre- 
sentation. That is, the multiplication of two comple- 
ment representations will produce a normal representa- 
tion corresponding to a positive quantity. The multipli- 
cation of a complement representation and a normal 
representation will result in the complement representa- 
tion of the product. 
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A certain amount of care is required to establish the 
proper product set for a particular set of operands. If 
the operands consist of n+1 digits and the high order 
digit provides only sign information, then a product set 
consisting of 2n digits is sufficient. The 2n digits of the 
product set do not include a sign digit. If the high order 
digit of the operands contains sign and magnitude in- 
formation, then the high-order digit must be retained 
and a product set of 2n+2 digits is required. The sign 
of the product is contained in the 27+2 digits. Special 
attention must be given to the product set associated 
with an 2-1 digit binary number system employing the 
radix complement code. In this number system, the 
high-order digit contains only sign information except 
for the complement representation corresponding to the 
negative number of the largest magnitude, —L. In the 
machine, —Z is represented by (1000 - - - 000) which 
is b”. The product (—L) X(—Z) requires a product of 
2n+1 digits exclusive of the sign digit. If a 2n-digit 
product set is associated with n+1 digit operands, then 
the product (—L) X(—ZL) overflows. In practice, this 
problem is solved by detecting the overflow and essen- 
tially eliminating the product (—Z) X(—LZ) or by pro- 
viding for an extra product digit. In the discussion 
which follows, we choose to eliminate the product 
(—L) xX Be 


AN EXAMPLE OF THE RING MODEL 


The ring model is applicable for the multiplication 
process in any number base. The study of the multipli- 
cation process and the identification of various correc- 
tion terms is simplified by the use of a model with a 
specific number of digits. Such a model is shown in Fig. 
1. In this model, a six-digit product is produced. The 
product is always the correct product corresponding to 
the original three-digit operands. The process shown 
in Fig. 1 is a model of the multiplication process and 
does not in itself represent a proposed multiplication 
method. 

The applicability of the model for the study of the 
multiplication process is dependent on the identification 
of the various groups of digit products. In Fig. 1, the 
digit products have been divided into groups and a 
particular designation assigned to each group. Observe 
that a heavy vertical line has been drawn in Fig. 1 
separating the digit products which contribute to the 
first 2n digits of the product from the digit products 
which would contribute to product digits of order 2n+1 
or greater. The product must have only 2n digits since 
the model is a ring with the property of closure. Thus, 
when a radix code is used, product digits of order 2n+1 
or greater and the associated digit products are ignored 
and omitted from the model. The arrangement of the 
digit products for the radix complement code is shown 
in Fig. 2. When the diminished radix code is employed, 
product digits of order 2n+1 or greater must be 
treated as end around carries. Accordingly, digit prod- 
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Fig. 3. 


ucts which contribute to the 2n-+7 digit of the full 
product of the model shown in Fig. 1 must be shifted to 
contribute to the jth digit of the product for the dimin- 
ished radix code model. The complete diminished radix 
code model is shown in Fig. 3. 

The following example illustrates the relation be- 
tween the multiplicative corrections required for num- 
ber systems which represent negative number by the 
radix complement and number systems which represent 
negative numbers by the diminished radix complement. 
The example does not illustrate a proposed multiplica- 
tion procedure. 

Consider the multiplication, 


9943 
xX 0062 
nie is 

1 | 9886 
59 | 658 
ae 
61 | 6466 


If the radix complement is employed, then 9943 may 
be associated with —57, and 6466 is the correct product 
in radix complement code. Expressed as a magnitude 
plus sign the correct product is —3534. 
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If the multiplicand in the above multiplication is ex- 
pressed in the diminished radix complement code, then 
the coded multiplicand corresponds to —56. Further- 
more end around corrections must be made: 


6466+61 =6527. 


6527 is the correct diminished radix complement prod- 
uct representation corresponding to — 3472. 

A similar example can be given when both the 
multiplier and the multiplicand are expressed in a com- 
plement code. 

It is not an accident that the end around carry correc- 
tion required to change the radix complement product 
to the diminished radix product is equal to the magni- 
tude of the positive operand diminished by one. This is 
always the case when one operand is negative and the 
other positive. This is a consequence of the fact that 
positive zero is not an element of the diminished radix 
complement coded number system. 


MULTIPLICATION FOR THE RADIX COMPLEMENT CODE 


The determination of the corrective procedures for 
the multiplication process when one or both of the 
operands are expressed in radix complement code, re- 
quires the identification of the sum of the conditional 
multiplicand elements designated as Ai1X and YB, in 
Fig. 1 and Fig. 2. The correction obtained from the sum 
of the elements of A1X is required when the multipli- 
cand is negative and expressed in radix complement 
code. The correction resulting from the sum of the ele- 
ments of YB, is required whenever the multiplier is 
negative and expressed in radix complement code. Both 
corrections are similar in form. Each consists of m digits 
and each forms a correction which is added to all digits 
of the uncorrected product from the +1 digit to the 
2nth digit. 

Both corrections A,X and YB, are required whenever 
both the multiplier and the multiplicand are negative 
and expressed in radix complement code. However, this 
correction is seldom applied in practice since it is usually 
possible to add the complement of the multiplicand to 
the accumulator and to obtain the complement of the 
multiplier in a digitwise manner. Thus both operands 
are converted to positive operands and a positive prod- 
uct is obtained. The correction process for the case 
where both operands are complement coded is pre- 
sented for the sake of completeness. 

We shall now show that the corrections 4:X and YB, 
are the shifted radix complement of the multiplier and 
the multiplicand respectively. Since the corrections are 
similar, the proof for one of the corrections will also hold 
for the other corrections. The magnitude of the correc- 
tion A,X is expressed as 


[(b — 1)(an + +++ + a)b714... 
+ (b — 1)(a2 + a1)b + (6 — 1)a,]d”, (13) 
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_The parentheses are removed by multiplication and the 
result is 


(Gn, + + >= + a1)b* — (¢,6714 ..- + ab + a1)b", (14) 


The first digits of (14) form the radix complement of 
the representation (a, - + - ay) shifted n digits to the left. 
In practice, the corrections required for the multipli- 
cation of operands coded in radix complement notation 
for the binary number system are easily implemented 
by a scheme first described by Robertson.* The correc- 
tion for a negative multiplicand, the radix complement 
of the multiplier representation, is easily obtained dur- 
ing the course of the normal multiplication procedure 
which requires the sequential examination of the multi- 
plier digits. The correction process requires an n-digit 
~ adder and an accumulator storage digit for the nth+1 
digit. The mth+1 digit is normally the sign digit. The 
nth digit of the accumulator is the position of the correc- 
tion digit during the addition process. The correction is 
normally set into the mth+1 digit of the accumulator 
prior to the right shift preceding every addition. The 
correction procedure may be accomplished within an 
arithmetic structure having no more digits than re- 
quired of an arithmetic structure capable of the same 
multiplication without the A1X type of correction. This 
is due to the fact that with the exception of the first non- 
zero multiplicand-multiplier digit product which has a 
one-correction digit, all nonzero multiplicand-multi- 
plier digit products have correction digits of magnitude 
zero. Only multiplicand-multiplier digit products of 
magnitude zero which follow the first nonzero condi- 
tional multiplicand have correction digits of unity mag- 
nitude. This means that the required correction digit is 
always a zero whenever there is a carry from the mth 
digit position to the mth+1 digit position of the ac- 
cumulator. Hence, there is never a carry from the mth+1 
digit position nor is addition required at the mth+1 
digit position of the accumulator. The correction for a 
negative multiplier is obtained by the inclusion of one 
additional multiplier digit in the multiplication process. 
After the nth shift operation, the radix complement of 
the multiplicand is added to the partial product. 

The required corrections for multiplication with 
operands expressed in the radix complement may be ob- 
tained by several procedures somewhat different from 
that presented above. Other procedures may be devised 
with reference to Fig. 2 and the identity of the required 
corrections. 


MULTIPLICATION FOR THE DIMINISHED RADIX 
COMPLEMENT CODE 


The ring model for the multiplication process for 
operands expressed in the diminished radix complement 
code is shown in Fig. 3. It is necessary to identify the 
corrections resulting from the conditional multiplicand 
elements which have been designated XY, A2X, and 
VB. 
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The corrections 42X and YByare similar in form. The 
identification of A2X will suffice also to identify YB». 
A,X is most easily identified if consideration is given to 
the correction which would be obtained from the com- 
bined sum of the conditional multiplicand elements of 
A,X and A,X. See Fig. 1. When X is equal to 6 minus 
one, the magnitude of this correction is 


b(b" — 1) A = (Ab — A) 


= o"{(A — 1)" + be" — A]. = (15) 
The correction becomes 
bo" — A) +A-—1=0"Ap+A-1 (16) 


since addition in the diminished radix complement code 
requires an end around carry. Eq. (16) is the magnitude 
of the required correction for the multiplicand expressed 
in diminished radix complement code. If the multiplier, 
A, is expressed in diminished radix complement code, 
then the required correction is 


b"Br+ B—1. (17) 


The addition of either the correction of (16) or (17) to 
the uncorrected product never results in an end around 
carry. This assertion is proven in the following argu- 
ment: 


brAp + A—1+ ABZ O™ 
be — oA + A—1+4+ ABZ O™ 


"DA ls Ae el eA, (18) 


The largest B representation is b”—1, so 


= §tA A (he 0 
S10 


which verifies the assertion. The required corrections 
specified by (16) and (17) may be more suitable if ex- 
pressed in the following form: 


Be t+ B-1= Bp + B+ ("—1). (19) 


The correction required for the multiplication of a 
positive operand and an operand expressed in dimin- 
ished radix complement code can be conveniently 
realized in the following manner. If the multiplicand is 
expressed in diminished radix complement code and 
the multiplier is positive, then a correction of the form 
b"Ar+A—1 is employed. The terms A—1 and Ap are 
conveniently and economically obtained in the usual 
multiplier structure since the multiplier or groups of the 
multiplier are processed sequentially. The corrections 
are incorporated when the multiplicand-multiplier digit 
product is added to the partial product by adding the 
appropriate digit of A—1 to the low-order digit of the 
adder and by adding (inserting in the binary case) the 
appropriate digit of b”Ap to the +1 digit position of 
the adder prior to the shift operation or to the mth digit 
position of the adder after the shift operation. 
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A correction of the form 6"Bp+B+b"—1 is conven- 
ient when the multiplier is negative and expressed in a 
diminished complement code and the multiplicand is 
positive. The correction is most easily obtained by the 
addition of a digit of magnitude )—1 to the low-order 
digit of the adder each time the conditional multiplicand 
is added to the partial product. The correction b”Bp is 
normally obtained by the addition of the diminished 
radix complement of the multiplicand to the partial 
product after 2 one-digit shifts. The correction B may be 
obtained by several different procedures. For example, 
the multiplicand can be added to the accumulator as an 
initial step, or one may be added to the multiplier 
representation as each multiplier digit is processed se- 
quentially. This latter process does not automatically 
give the correct high-order product when the multiplier 
is negative zero. However, in this case, the negative- 
zero multiplier is easily detected by the carry propa- 
gated from the last digit of the multiplier due to the 
addition of a one and the correct high-order representa- 
tion is known and easily obtained. With somewhat more 
sophisticated control, the correction B may be obtained 
for the binary case by the following rules: If the first 
digit of the multiplier is a zero, then change this digit to 
a one and proceed with the multiplication, executing the 
other corrections required. If the first multiplier digit is 
a one, then change this digit to a zero, shift, add the 
multiplicand to the partial product and without an in- 
tervening shift, the product of the multiplicand and the 
second multiplier digit is added to the partial product. 
After a shift, the product of the multiplicand and the 
third multiplier digit is added to the partial product, 
etc. The other corrections must, of course, be included. 

If both the multiplier and the multiplicand are nega- 
tive and expressed in diminished radix complement 
code, the need for correction can normally be avoided 
by complementing both the multiplier and the multi- 
plicand. A correction is available in the form of the sum 
of the elements of A1X, 42X, VBi, YBo, and XY. The 
magnitude of the sum of the conditional multiplicand 
elements of XY is 

bn(b" — 1)b"(6" — 1) = 52"(b2 — 26" + 1). (20) 


As a consequence of the end around carry the magni- 
tude of the correction X Y is 
ben — 25m + 1 = bn(b" — 2) +1. (21) 


The magnitude and form of the total correction is 
then 
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bAp+At+oBp+B+6"—1+6"—1+ 06" 
— 2? +1=b"Ap + A+ O°Bp + B+ 5%" — 1. 


62" —1 is the representation for zero and may, therefore, 
be dropped. The correction becomes 


b*Ap + A+-b°Bp + B. 


(22) 


(23) 


It may readily be shown that the correction of (23) 
added to the uncorrected product yields a result within 
the bounds of L, 


gels! Sd Drie Sa IN ig fe (24) 


An end around carry is required except when either or 
both the multiplicand and the multiplier are the nega- 
tive-zero representation. 


CONCLUSION 


The ring model of multiplication has been used in this 
paper to present particular correction procedure for 
both the radix and the diminished radix complement 
codes. The correction schemes presented are believed to 
be the most sophisticated from the point of view of ac- 
complishing the required correction procedures in a 
minimum period of time while requiring little more logic 
than that required by the standard magnitude-plus-sign 
multiplier logic. 

Other schemes for executing the required correction 
may be readily obtained by a study of the models. In 
view of the correction schemes which have been dis- 
cussed, it may be concluded that the correction of the 
multiplication process for diminished radix complement 
codes is not significantly more complex than the correc- 
tion procedure associated with the multiplication proc- 
ess for radix complement codes. 


NOMENCLATURE 


a’=The additive inverse of a. 
Z=The zero element. 
A =The multiplier representation consisting of digits 


(an Suen ts Qi). ‘ 
B=The multiplicand representation consisting of 
digits (b, - - - 6). 


Ar=The radix complement of A. 
Ap=The diminished radix complement of A. 
b= The base of the number system (only consistently 
based number systems are considered). 
® = Ring addition. 
© =Ring multiplication. 
a€A =a an element of A. 
a¢A =a not an element of A. 
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A High-Speed Analog to Digital Converter’ 


DONALD SAVITTtT 


Summary—An electronic voltage encoder has been developed 
which converts analog voltages to their corresponding parallel seven 
binary-digit representations at a 50-kc encoding rate. The encoder is 
capable of being time-shared by any number of 0-50-volt range 
inputs. Performance tests indicate that the present design may be 
capable of eight binary-digit conversions at encoding rates as high as 
80 kc. Either more precise conversions or higher encoding rates may 
be obtained at the expense of the other by cascading more or less 
of the identical one-digit encoder stages which constitute the analog 
to digital converter. 


INTRODUCTION 


HE encoder described in this paper was developed 

for use with a combined analog-digital computer 

designed for real-time simulation of complex non- 
linear systems,! the particular application being an 
operational flight trainer. The encoder is required to 
convert voltages from the flight-simulator instruments 
and the analog-computer components (integrators) for 
use in the digital computer. The computer requires the 
encoder to convert one of 20 variable voltage inputs to 
a seven binary-digit output; 10 usec are allowed for the 
conversion and a minimum of 32 usec are allowed be- 
tween encode commands. Frequency components of the 
analog voltages are under five cps. 

Investigation of analog to digital conversion tech- 
niques indicated the cascade encoder method to be 
very promising for development of an encoder of mini- 
mum complexity for medium accuracy (seven to ten 
digit conversions), high-speed (50- to 100-kc encoding 
rates) applications.2"? To the knowledge of the author, 
this is the first application of the theory to an encoder of 
this accuracy and speed. 


THE CASCADE ENCODER 
Cascade Encoder Technique 


The cascade encoder‘ converts analog voltages to 
their ” binary-digit representation by use of m one-digit 


* Manuscript received by the PGEC, September 23, 1958. Work 
supported by DSR Project 7591 at the Servomechanisms Lab. of 
Mass. Inst. of Tech., Cambridge, Mass., under sponsorship of the 
U. S. Naval Training Device Center. ; 1 

+ Res. Lab. Div., Bendix Aviation Corp., Detroit, Mich. ne 

1E, W. Pughe, Jr., “Logical design of a real-time analog-digi- 
tal simulator,” Master’s thesis, Mass. Inst. Tech., Cambridge, 
Mass.; 1957. Pe. . 

2D, A. Savitt, “A high-speed analog to digital encoder,” Mas- 
ter’s thesis, Mass. Inst. Tech., Cambridge, Mass. ; 1957. ; 

3A K. Susskind, ef al., “Notes on analog-digital conversion 
techniques,” Summer Session, Mass. Inst. Tech., Cambridge, Mass. ; 
August 12-16, 1957. / — ; 

4B. D. Smith, “An unusual electronic analog-digital conversion 
method,” IRE TRANS. ON INSTRUMENTATION, vol. I-5, pp. 155-160; 
June, 1956. Sa. viet 

5 R. P. Sallen, “A method of pulse code modulation,” Master’s 
thesis, Mass. Inst. Tech., Cambridge, Mass. ; 1949. 4 

6B. D. Smith, “Pulse-code modulation method, 
thesis, Mass. Inst, Tech., Cambridge, Mass. ; 1948. 
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encoders, or stages, in series. Each successive stage 
quantizes its analog-voltage input to the next-smallest 
binary digit, produces a digital output of one or zero, 
and transmits the quantization error to the next stage. 
Quantization error is the difference between the analog 
signal being encoded and the decoded value of the digit 
produced by that stage. The digital outputs constitute 
the parallel binary representation of the voltage being 
encoded, with the most significant digit appearing at the 
first stage. 

A modification employed in this encoder is to design 
each stage to multiply its quantization error by two; 
then the next stage can quantize to the same digit as the 
preceding one, and all stages can be made identical. 

Cascade encoders have the advantage that no in- 
ternal synchronization or resetting operations are re- 
quired. Encoding rates are determined by the speed at 
which a stage can be made to operate, and by the num- 
ber of stages. Encoding precision is determined by the 
number of identical stages cascaded, subject to the 
limitation of the accuracy of the individual stages. Ac- 
curacy limitations result from stage-amplifier nonline- 
arity and voltage-comparator drift. Either more precise 
conversions or higher encoding rates may be obtained at 
the expense of the other by cascading more or less of the 
identical stages. 


Stage Transfer Characteristic 


The function of each stage is to encode its input to 
one binary digit, multiply the resultant quantization 
error by two, and transmit the result to the input of the 
next stage. Encoding to one binary digit is accomplished 
by comparing the stage input to the analog value of the 
most significant binary digit (one half of full-scale in- 
put). If the input is larger than one half of full scale, 
the binary output is a one; otherwise the binary output 
is a zero. The quantization error is equal to the input if 
the binary output is a zero, and equal to the input minus 
one half of full scale if the binary output is a one. Ac- 
cordingly, the stage transfer characteristic may be ex- 
pressed as follows:* 


Vers (Viet DD) 
Dla iy 
De 0 sy, <a (1) 


where V, is the input to the uth stage, A the analog 
value of the most significant binary digit, and D, the 
binary output of the th stage. 


Encoder Block Diagram 


To achieve the above stage transfer characteristic, an 
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inverter, a summing amplifier, and a Schmitt discrim- 
inator are used. Fig. 1 shows the encoder block diagram. 

Operation is as follows: A read pulse opens a linear- 
transmission gate (G), and gates in a positive variable 
voltage (X) for a period of time (7), long enough to per- 
form the complete encoding operation. Each Schmitt 
circuit (Si, So, - - - , Ss) is biased to discriminate against 
stage-input voltages greater than A (one half of full- 
scale input). If a Schmitt input is less than A, the 
Schmitt output is zero and D, is defined as zero; if the 
input is greater than A volts, the Schmitt output is a 
positive-going step of A volts and D, is a one. The posi- 
tive stage input is multiplied by plus two in going 
through the cascaded inverter and summation ampli- 
fiers. However, if the stage input is greater than A volts, 
the discriminator supplies the summing amplifier with a 
signal, A volts in magnitude and of opposite polarity 
from the signal from the inverter. The effect, then, is 
that A volts is subtracted from the stage input if the 
input is larger than A, and zero volts is subtracted if it is 
less than A. Each stage output may thus be seen to be 
related to its input by (1). 

The digital output of each stage is available as soon as 
its input arrives from the previous stage, and its dis- 
criminator has operated. 

The encoder components are capacitive coupled to 
avoid the problem of amplifier drift which would be- 
come a serious restriction on encoder accuracy as the 
number of cascaded stages is increased. The read pulse, 
in holding open the linear-transmission gate for the in- 
terval T and then closing the gate, chops the input 
voltage X and presents the encoder stages with a square 
wave input. In normal operation, the time interval be- 
tween read pulses may vary, resulting in a variation of 
the duty cycle of the square waves within the encoder. 
The amplifiers are designed to operate in their linear 
range for any shift in bias resulting from duty-cycle 
changes altering the charge on coupling and cathode 
capacitors. Since encoder input voltages are of one 
polarity, square-wave amplitudes are also of one polar- 
ity, permitting clamping at the Schmitt-discriminator 
inputs to prevent shift in the discrimination level. 

As the period of the highest frequency components in 
the input signals (X) is very large compared to the 
period of time that the linear gate samples the input, the 
amplitude of each individual square wave is essentially 
constant. If this were not the case, the linear gates 
would have to be replaced by a sample and hold cir- 
cuit.’ 

Each of the quantities in (1) represents square-wave 
amplitudes. The digital outputs, D,, are therefore cor- 
rect only for the duration of the input square wave. A 
means has been devised for reading out the digital out- 
puts at the correct time. 

The present encoder was designed for an input range 
of 0 to 50 volts. The value of A is therefore 25 volts. To 
encode to seven or eight binary digits, 10usec are re- 
quired. The value of 7 is therefore 10 usec. 


STAGE | STAGE 2 STAGE T 


Fig. 1—Encoder block diagram. 
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Fig. 2—One stage of encoder. 


ENCODER CIRCUIT DESIGN 
The Schmitt Discriminator 


The Schmitt discriminator?:7~® (see Fig. 2) was chosen 
to meet the encoder-stage logic requirements for a com- 
parator whose output exhibits a sharp step discon- 
tinuity of A volts as its input passes the discrimination 
level (A volts), but is otherwise independent of input 
variations. OFF and ON states are defined here as the 
conditions existing when the output plate is low and 
high, respectively. 

The optimum choice of Schmitt-circuit parameters is 
discussed in the references?:7~*. Control of hysteresis and 
late triggering is very important in this application. 
Hysteresis refers to the fact that the Schmitt requires a 
lower potential to trigger it from the ON to OFF states 
than that required to cause transition from OFF to 
ON.*:” The difference in triggering levels is controlled by 
varying the amount of positive feedback with resistance 
inserted between either cathode and the common cath- 
ode resistor. The amount of hysteresis can be reduced to 
zero in this manner, but it was found to be undesirable 
because parameter drift may start the circuit oscillating. 

Late triggering occurs for input square waves whose 
amplitudes are just above the triggering level.? Trigger- 
ing cannot occur until the square-wave leading edge has 
risen to the discrimination level, but in this case transi- 
tion to the ON state is even further delayed and may 
not reach completion until the end of the square wave. 


7J. Millman and H. Taub, “Pulse and Leial Circuits,” Mc- 
Graw-Hill Book Co., Inc., New York, IN DY 1 950: 
a Ww. Elmore and M. ’ Sands, “Electronics—Experimental Tech- 
niques,’ oe Book Co., Inc., New York, N. Y.; 1949. 
9A, Van Rennes, “Pulse- amplitude analysis in nuclear re- 
search,” Feist ct vol. 10:7, pp. 20-27; July, 1952. 
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Since the input to the succeeding stage is not correct 
until the Schmitt reaches its final state, transitions must 
be limited to a short time interval after the leading edge 
of the square wave. To accomplish this, the hysteresis 
control resistor is bypassed with a capacitor providing 
the circuit with additional positive feedback at the be- 
ginning of a state transition. If the Schmitt is going to 
reverse states it must do so at the beginning of the 
input square wave, before its positive feedback decays. 

The output plate is clamped between two levels to 
decrease rise and fall times and to preserve constant 
amplitude output for subtraction from the stage input. 
The actual magnitude of the output is not critical, as 
the summing amplifier gain to this signal is adjustable. 
The input bias is adjusted for triggering at the desired 
amplitude with potentiometer Rg. The input capacitor 
was chosen large enough to prevent the decay in the 
square-wave top from being more than the hysteresis, to 
prevent a discriminator from turning itself off. The in- 
put grid is clamped to the bias level preventing varia- 
tion in the charge on this capacitor to eliminate bias 
shifts. 

Performance tests showed a maximum short-term un- 
certainty in triggering level of 0.1 volt, and long-term 
drift (two hours) with no variation in supply voltage of 
a maximum of 0.1 volt; triggering level varies directly 
with drift in the supply. The hysteresis was adjusted to 
approximately 1.4 volts and the maximum late trigger- 
ing to less than 0.5 usec. Rise time of the output (10-90 
per cent) is 0.14 usec. and recovery time (time required 
after return to the OFF state before Schmitt will re- 
spond to a new input) is less than 0.5 usec. Stability of 
the output-swing magnitude is dependent upon the 
clamp supplies. 


The Amplifiers 


Feedback amplifiers were used to obtain stable gain 
in the inverter and summing amplifiers (see Fig. 2). The 
effects of variations in tube parameters were minimized 
by maximizing open-loop gain; rise time was minimized 
by also maximizing the open-loop bandwidth. A pentode 
with the highest figure of merit (ratio of gm to sum of 
input and output tube capacitances) was chosen to meet 
best these requirements. 

Because of tolerance on components, the amplifier 
gains were made adjustable. The stage gain is adjusted 
to plus two with the Rg potentiometer; Rs is used to 
compensate for the actual value of the discriminator 
output. Stage adjustments are made in the following 
sequence: a standard 25-volt square wave is supplied to 
the Schmitt, and its bias adjusted to trigger; Re is 
adjusted to make the difference between one half of the 
stage output and the stage input zero; then the 25-volt 
signal is used as stage input, and Rs is adjusted for zero- 
stage output. 

Performance tests showed the inverters’ rise times to 
vary between 0.10 and 0.15 usec and the summing am- 
plifiers’ rise times to be 0.20 to 0.30 ysec. Wiring was 
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found to be very critical in obtaining fast rise times. 
Deviation of gain from linearity was measured to be 0.2 
to 0.8 per cent of full scale (50 volts). Closed-loop ampli- 
filer gain was found to vary approximately 0.04 times 
the per cent drift in supply voltage. 


ENCODER STAGE 


A single encoder stage consisting of Schmitt dis- 
criminator, inverter, and summing amplifier is shown in 
Piven, 

The oscilloscope photographs of Fig. 3 show typical 
single-stage outputs (e,) for square-wave inputs (e;) of 
different amplitudes. The voltage scale is 10 volts per 
large division on the input photographs and 20 volts on 
the output photographs; all time scales are 2 usec per 
large division. 

For input square-wave amplitudes of less than 25 
volts, the-stage performs as a linear amplifier with a 
gain of two. [See Fig. 3(a).] 

For a square-wave input amplitude exactly equal to 
the 25-volt triggering level, the stage output is zero, ex- 
cept for a 50-volt, 0.5-usec spike which appears at the 
leading edge of the output waveform. This spike results 
from the inherent delay in triggering and the rise time 
of the discriminator. For a 25-volt stage input, the sum- 
ming amplifier inputs from the inverter and the trig- 
gered discriminator effectively balance, producing a 
zero stage output. However, until the discriminator 
triggers, the only input to the summing amplifier is the 
inverter output. [See Fig. 3(b).] 

For square-wave inputs greater than 25 volts, the 
stage output initially begins to rise to twice the input 
amplitude. The discriminator then triggers, reducing 
the stage output to its final value, namely, twice the 
difference between the input voltage and the dis- 
criminator output. A spike still appears at the leading 
edge of the output waveform, but its duration and 
height above the final amplitude decrease as the stage 
input increases. [See Fig. 3(c).] 

Because of these spikes or overshoots in the stage out- 
puts, the discriminator hysteresis must be minimized. A 
stage receiving an input from a previous stage of the 
form of Fig. 3(b) or Fig. 3(c) must be able to follow such 
a waveform. The leading edge overshoot may be great 
enough to trigger the next discriminator, but if the 
steady-state portion of the waveform is less than 25 
volts, the discriminator must turn off again. 

A particular stage may receive an input containing 
spikes contributed by some or all of the preceding 
stages. The discriminator will trigger on each input 
spike, but it must be able to end up in the state deter- 
mined by the final input amplitude. 

Photographs of a typical set of waveforms at the 
sixth stage are shown in Fig. 4. The voltage scale is 10 
volts per division in (a) and (b), and 20 volts per divi- 
sion in (c). The time scale in each photograph is 2 usec 
per division. In this example, the discriminator turned 
ON and OFF before reaching its final ON state. 
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Fig. 3—Waveforms of single stage. (a) Input <25 v. 
(b) Input =25 v. (c) Input >25 v. 


The final state attained by the discriminator within 
the duration of the input square wave is the stage digital 
output. The ON state corresponds to one and the OFF 
state to zero. In the example shown in Fig. 4, the sixth 
binary digit can be seen to be a one for the particular 
analog-encoder input used in taking the photographs. 


ENCODER SYSTEM 


The eight cascaded-encoder stages, together with the 
necessary analog-input and digital-output circuitry, 
constitute the encoder system (Fig. 5). 

Read-in is controlled by a pair of pulses (Px, Py, 
etc.) on the line corresponding to the desired analog 
input. The first of the pair of pulses puts the flip-flop in 
the one state to open the linear gate; the second comple- 
ments the flip-flop to close the gate. 

Read-out is accomplished with the second of the pair 
of pulses. A diode mixing circuit prevents the pulses on 
one line from appearing on any other line in the read-in 
circuitry. The discriminator of each stage controls a 
digital gate, holding it closed when it is in the OFF 
state and open when in the ON state. 

The delay D prevents the pulses from arriving at the 
flip-flops before arriving at the digital gates. Therefore 
the first pulse reaches the gates before the beginning of 
the encoding operation when all discriminators are in 
their normal OFF state and the gates are closed. Hence 
it produces no digital output. 

The second pulse arrives at the digital gates before 
the linear input gates can be closed. At this time the dis- 
criminators are in their final states and the parallel 
digital-encoder output is produced. 
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Fig. 4—Typical waveforms at stage #6. (a) Stage input. 
(b) Schmitt output. (c) Stage output. 
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Encoder performance at 50 kc was evaluated by meas- 
uring input voltages and manually converting to binary- 
digital form for comparison with the encoder outputs. 
The tests proved the encoder to be accurate to seven 
binary places; accuracy limitations in the analog-input 
measurement prevented establishing validity of the 
eighth-place digit. Eight msec were required for the 
eighth stage to reach its final state; two usec more were 
allowed for read-out. Transients of less than 2.5 psec 
following termination of the input indicate the possi- 
bility of eight-place conversions at 80 kc. 
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Fig. 5—Encoder system. 


ENCODER PERFORMANCE 
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Fig. 6—Front view of encoder. 


CONCLUSION 


An analog to digital converter utilizing the cascade- 
encoder technique has been developed which converts 
voltage inputs to parallel seven binary-digit outputs at 
a 50-kc encoding rate. Eight-digit conversions at rates 
as high as 80 kc may be possible with the present design; 
amplifier nonlinearity and discriminator triggering- 
level drift will limit use of this technique to applications 
requiring no more than such medium conversion preci- 
sion. Increased encoding rates are obtained for lower 
precision conversions. 

Figs. 6 and 7 show photographs of the encoder. 
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Fig. 7—Rear view of encoder. 
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A Non-Real-Time Simulation of SAGE Tracking 
and BOMARC Guidance* 


D. W. LADD} anp E. W. WOLFT 


Summary—The addition of facilities to the SAGE system for 
control of a new defensive weapon, such as the BOMARC missile, 
requires extensive modifications to the SAGE computer program. To 
obtain a better understanding of BOMARC control problems, a 
program has been written for the IBM Type 704 computer to simu- 
late the proposed employment of BOMARC in the SAGE system. 
Such a simulation is flexible enough to optimize and evaluate a large 
range of parameters. On three separate passes through the 704 (with 
tape storage of intermediate results) the program simulates radar, 
target, and missile performance, as well as SAGE tracking and mis- 
sile guidance. A fourth program presents the desired output data in 
the form of frequency distributions and detailed results pertaining 
to selected target or missile tracks. 


INTRODUCTION 


AGE is a real-time control system in which data 
S from a network of radars, radar beacons, and 

height finders are processed by a central high-speed 
digital computer. One of the principal functions of this 
air defense system is the computation of guidance com- 
mands for a considerable variety of interceptors, both 
manned and unmanned, and this requires accurate de- 
termination of the positions and velocities of all targets 
and interceptors as well as a knowledge of the charac- 
teristics of the interceptors and their armaments. 

All computations must be performed from the posi- 
tional data supplied by the radars and from the inter- 
ceptor and missile characteristics stored in the com- 
puter. Different interceptors may require different tech- 
niques for tracking and guidance, and the design of the 
computer program for each interceptor involves the 
optimization of a large number of parameters. System 
performance, however, is dependent not only on the 
parameters set in the computer program but also on 
those which characterize the external environment: the 
target (speed, altitude, maneuvers) and the radars 
(blip-scan ratio, scan rate, noise, data accuracy). 

The simulation described in this paper had two princi- 
pal objectives: 


1) To create a design tool for optimizing the param- 
eters of the SAGE computer program with respect 
to the BOMARC missile and 

2) to evaluate the performance of this optimized pro- 
gram in a realistic external environment under a 
wide variety of conditions. 


* Original manuscript received by the PGEC, October 6, 1958. 
The research reported in this paper was supported jointly by the 
Army, Navy, and Air Force under contract with Mass. Inst. Tech., 
Cambridge, Mass. 

t MITRE Corp., Lexington, Mass. Formerly with Lincoln Lab., 
Mass. Inst. Tech., Lexington, Mass. 


These objectives could not be met by any means other 
than simulation; live testing, in addition to being pro- 
hibitively expensive, does not permit sufficient control 
or knowledge of system parameters to perform an ade- 
quate evaluation. 

It was therefore decided to prepare a comprehensive 
simulation facility for this purpose. The series of com- 
puter programs comprising this facility is generally 
called SNORT (SAGE Non-Real-Time). SNORT simu- 
lates the automatic functions of SAGE related to target 
and missile tracking and to missile guidance, as well as 
the external environment consisting of targets, radars, 
and missiles. SNORT has a capacity for 150 tracks and 
75 simultaneous intercepts, since it was desired to ob- 
tain data not only on individual intercepts but also on 
system performance under conditions of mutually inter- 
acting intercepts such as might be encountered under 
raid formations. 


GENERAL DESCRIPTION 


The major components of SNORT can best be de- 
scribed by reference to Fig. 1. The blocks enclosed by 
the dotted line are referred to collectively as the Weap- 
ons Guidance and Tracking package (WGT). The four 
major components (Radar Data Generation, Target 
Tracking, WGT, and Data Reduction) each require a 
separate pass on the 704 computer, and there is no feed- 
back between them. 

The Radar Data Generation Program generates 
range and azimuth information for a maximum of 150 
tracks and four radar sites. A wide variety of target 
flight paths and radar characteristics may be included. 
The output of this program is a magnetic tape bearing 
the simulated radar returns and true target positions. 

The radar data tape is then used as input to the Tar- 
get Tracking program which carries out all the auto- 
matic functions of SAGE tracking, 7.e., conversion of 
raw radar data to tracked positions and velocities. 

The output of this program consists of two tapes. One 
of these is called the target tape and contains the data 
needed by WGT;; the other is referred to as the record- 
ing tape and contains the data needed for tracking an- 
alysis. Both of these tapes can be provided simultane- 
ously by the Target Tracking program. 

The operations pertaining to the missile are carried 
out by the WGT package. The Guidance program com- 
putes the time of launch and generates midcourse com- 
mands for the missile, based on target and missile track- 
ing information. The model uses these commands in 
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Fig. 1—Major components of SNORT. 


conjunction with aerodynamics equations to generate 
missile positions and velocities. Airborne homing and 
control system performance is also simulated by this 
program. The Missile Tracking program is analogous 
to the target tracking program and generates tracked 
missile positions and velocities. This missile track in- 
formation is then fed back to the guidance program. It 
should be noted that during the final phase of the inter- 
cept SNORT simulates the closed loop control system 
formed between the target and the missile. In this termi- 
nal phase the missile’s flight is controlled by its air- 
borne control system rather than by the control system 
illustrated in Fig. 1. Pertinent data is recorded on an 
intercept tape. 

The input to the Data Reduction program is either a 
recording tape or an intercept tape. This program com- 
putes frequency distributions and other data of interest 
such as target tracking error or intercept miss distance. 
The outputs are the end results of a complete SNORT 
run; they will permit an evaluation of the effects of vari- 
ous input parameters. Examples of the type of conclu- 
sions one might draw would be: “doubling a certain 
tracking parameter reduces the average tracking error 
by 40 per cent,” or, “there is no significant statistical 
difference in miss distance resulting from guidance doc- 
trines A and B.” 

SNORT encompasses over 40,000 instructions and 
program constants, and over 50,000 registers of data 
storage. Approximately 4000 of these instructions are 
SHARE subroutines, the remainder being specifically 
coded for SNORT. A total of about 225 man-months 
was expended on the effort, which includes preliminary 
broad planning (preparation of system: specifications), 
detailed program and table design, programming and 
check-out, and program documentation. 


DETAILED DESCRIPTION 


Radar Data Generation 


In SNORT, the simulation of radar data correspond- 
ing to the desired air situation is accomplished by a pro- 
gram called SARD (Simulated Aircraft Radar Data). 
The inputs to SARD consist of punched cards contain- 
ing the specifications of paths and aircraft performance 
characteristics, and of the locations and operating char- 
acteristics of up to four radars. The output of SARD is 
a magnetic tape recording of the generated radar re- 
turns and of the true target data. 
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The specification of an aircraft flight consists of defin- 
ing a path by aseries of geographical fixes with associated 
information to mark the beginning, end, and maneuver 
points along a three-dimensional course, and by com- 
bining this path with an aircraft type. The aircraft type 
defines performance characteristics such as speed and 
rate of turn. 

In any one test, 50 paths may be selected from a li- 
brary of 1000 such paths and combined with one or 
more of 8 different types of aircraft, to create up to 
50 different path-aircraft type combinations. 

Paths may consist of a maximum of eight maneuvers, 
including start, climb, end, changes in altitude, in 
speed, or in heading, as well as target splits. 

Aircraft characteristics include speed, rate of turn, 
rate of climb and descent, aircraft acceleration and de- 
celeration, and radar cross-section data. 

Radar data are generated by computing the time and 
position of the intersection of the radar beams with the 
target paths. Normally distributed errors of specifiable 
means and standard deviations are added to the true 
range and azimuth data. The data are then quantized 
to correspond to the performance of the SAGE fine- 
grain data equipment. 

Two modes of program operation are provided to per- 
mit the simulation of the effects of non-unity blip-scan 
ratio. In one mode, a blip-scan ratio between zero and 
unity is associated with an aircraft type, and remains 
constant (independent of range and altitude) between 
specified minimum and maximum radar ranges. In the 
other mode, the variation of blip-scan ratio with range 
and altitude is stored in a table providing for altitudes to 
100,000 feet in 50 increments and ranges to 256 miles in 
32 increments. The stored values are intended to repre- 
sent realistic blip-scan ratio variations for a particular 
type of aircraft. For other types of aircraft the blip-scan 
ratio is computed from their relative radar cross-section, 
as follows: 


B = Bor! 
where 


8 =blip-scan ratio of aircraft whose radar cross-sec- 
tion iso 

Bo=blip-scan ratio of aircraft whose radar cross-sec- 
tion is go; this value is stored in the blip-scan ratio 
table. 


A radar cross-section ratio oo/o is associated with each 
aircraft type. 

In both modes of operation, the existence of interscan 
correlation in the sequence of hits and misses in the ob- 
servations of a target by a radar is accounted for by the 
blip-scan correlation coefficient,! A, which is used to 
compute the probability of a radar observation as fol- 
lows: 


1G, C. Sponsler, “First-order Markov process presentation of 
binary radar data sequences,” IRE TRANSACTIONS ON INFORMATION 
Tuerory, vol. IT-3, pp. 56-64; March, 1957. 
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Py=8+A(1i—8B) Xp Meas (1a) 
Pu=(1—A)ps Y,=VnrataD, (ib) 

where X,n=XnitaD,z (2a) 
Py, =the probability of a radar observation (hit) in Voy eee De (2b) 


the present radar scan when a hit occurred in 
the previous scan 
P., =the probability of a hit in the present radar scan 
when no observation (miss) occurred in the pre- 
vious scan 
8B =the blip-scan ratio 
A =the blip-scan correlation coefficient. 


A value of A between zero and unity is specified for each 
test. The false-alarm rate performance of a radar is 
simulated in SARD by the generation of data randomly 
distributed in time and space within the coverage of a 
radar. Up to 400 such returns, per radar per scan, can 
be generated. 


Target Tracking 


The target tracking program processes the radar data 
generated by SARD; it automatically initiates and 
terminates tracks, computes estimates of track posi- 
tions and velocities, and simulates the performance of 
the network of height-finding radars in SAGE. 

Automatic tracking is performed in four phases: 


1) Conversion of the range and azimuth data from 
each radar to a common coordinate system 

2) Correlation of radar data with tracks 

3) Correction of track position and velocity estimates 
by means of radar and height data 

4) Automatic track initiation and termination. 


In the SAGE coordinate system, all positional data 
are stereographically projected onto a plane, tangent to 
the earth at a central point in the surveillance area. 
Track positions are characterized by a pair of x, y co- 
ordinates describing the projection of the track in this 
plane, and the altitude, H, of the track above sea level. 
This coordinate system is conformal but not orthogonal, 
since H is radial with respect to the earth rather than 
perpendicular to the plane of projection. 

Correlation is the process of associating radar data 
with tracks. The effects of multiple radar coverage, 
clutter, or nearby tracks may cause more than one re- 
turn to appear near a track. By examining the spatial 
distribution of all returns within a specified distance of 
the predicted position of a track, the computer program 
attempts to eliminate the returns not belonging to the 
track involved. 

Estimates of track positions and velocities are com- 
puted for each track on the basis of the radar data cor- 
relating with that track. Corrections are applied to such 
data to account for the difference between slant range 
and projected range, and between the time of radar ob- 
servation and the time of prediction. The smoothing 
equations used have the form: 


where 


X, Y =the rectangular components of track velocity 
X, Y=the rectangular coordinates of track position 
D,, D, =the rectangular components of the difference 
between the observed and predicted track 
position 
a=velocity smoothing constant 
a=positional smoothing constant. 
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where 


r=vector whose components are x, y 
V =vector whose components are 4, ¥ 
D=vector whose components are D,, D, 
K=unit vector perpendicular to the x, y plane 
a1, @2= positional smoothing constants 
Q@, Q2= velocity smoothing constants. 


In these equations, the smoothing constants in the di- 
rection of the track’s motion (a, a,) are smaller than 
those perpendicular to that motion (a2, a). This takes 
advantage of aircraft maneuverability characteristics 
which permit relatively greater lateral accelerations 
than in the direction of the track’s motion. 

The SAGE computer program operates in units of 
frames and subframes. A frame is approximately 15 sec- 
onds long and is divided into three nearly equal sub- 
frames. Operational functions are performed at intervals 
of one frame or at multiples or submultiples of that 
time, Correlation and smoothing using (1) and (2) is 
performed once per subframe. Eqs. (3) are used once 
per frame during the third subframe, depending on the 
results of the correlation process in the previous two 
subframes. 

Radar returns not correlating with any track are 
stored as potentially new tracks, called Initial Pickup 
tracks. On subsequent radar scans, the computer pro- 
gram observes the radar data pattern in the vicinity of 
these initial pickup tracks to determine whether this 
data represents clutter, noise, or an aircraft. Data thus 
being processed is called a tentative track. Tentative 
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tracks found to represent aircraft are made established 
tracks; otherwise they are dropped. 

Tracks are terminated when their tracking error ex- 
ceeds a predetermined distance or when they reach the 
end of their flight as determined in SARD. 

In SAGE, height data are obtained from a network of 
height-finder radars. Generally, two height-finders are 
located at each heavy radar site. These height-finders 
are time-shared by the tracks in the system, and tracks 
are assigned to height-finders on a priority basis. In 
SNORT, new tracks have the highest priority, and the 
priority of other tracks is determined by the time since 
height information was last received for them. Delays 
and equipment reliability are simulated through specifi- 
able parameters, and height errors are assumed to be 
normally distributed with a specifiable standard devia- 
tion. When the angle, subtended at the height-finder, 
between the true and predicted position of a track ex- 
ceeds a specified limit, the height-finder is assumed to 
be unable to see the target. 


Missile Guidance 


In the fully operational SAGE/BOMARC System, 
the SAGE direction center must transmit guidance 
commands to the BOMARC missile at frequent inter- 
vals during the prelaunch and midcourse phases of 
flight. In addition to the obvious need for azimuth 
steering signals, the missile must be commanded to dive 
on the target at the proper time. All of these commands 
are regularly transmitted via a ground-to-air data link. 

SAGE computes the necessary commands by solving 
a set of guidance equations based on the position and 
velocity of target and missile tracks. Although the solu- 
tion of these equations is rather expensive in computer 
time, it is quite straightforward and does not differ 
radically from the solution employed in the case of 
manned interceptors. The principal difference lies in the 
fact that the BOMARC trajectory is “up and over,” the 
missile always diving on the target. 

Launching of the missile is entirely automatic in the 
SNORT simulation, i.e., no attempt is made to simulate 
the manual actions normally taken in a SAGE direction 
center. From the position and velocity of the target 
track, an intercept point is predicted, assuming an im- 
mediate launching. If this intercept point lies within 
missile range, a launching is assumed to occur and the 
guidance and model programs are activated. As long as 
the predicted intercept point is beyond range, the inter- 
cept possibility is checked at regular intervals. ' 

As previously mentioned, the solution of the guidance 
equations requires considerable computer time. In order 
to keep this time at a minimum compatible with satis- 
factory guidance, a computational filter has been de- 
vised, known as a threshold function. The philosophy 
of the threshold function is simple: employ a simple cal- 
culation very frequently to ascertain when the more 
lengthy calculation is required. Essentially, the thresh- 
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old computation compares the present target position 
(from the tracking program) with a position extrapo- 
lated from the last guidance calculation; when this devi- 
ation exceeds a preset threshold, a full guidance calcula- 
tion is called for. A similar procedure may be optionally 
applied to the missile track. As long as the deviation is 
below the threshold, the previously computed com- 
mands are repeatedly transmitted with the exception of 
time until dive which is continuously updated. 


Missile Model 


The courdinates of the true missile position at all 
times throughout the flight are generated by solving the 
following system of differential equations which describe 
the motion of the missile: 


dV E —D : | (4a) 

= — sin a 
a "Lw i 

dy M, — COSY 

ed dre ee 4b 
ee = (4b) 
dy m 

—= =" (4c) 
dt V cosy 

dx 

— =Vocosysn¥ (4d) 
dt 

dy 

—=Vocosycos ¥ (4e) 
dt 

dh , 

— =Vsiny, (4f) 
dt 

where 
W =weight 


g=gravitational constant 
dV /dt=longitudinal acceleration 
T =thrust 
D=drag 
y=flight path angle 
W =azimuth heading angle 
My, = vertical component of normal acceleration 
m, = horizontal component of normal acceleration 
V = velocity. 


These equations neglect the effects of non-zero angles of 
attack. 

The intercept is divided into several phases of flight, 
and appropriate simplifications are made for each phase. 

During the initial phase of flight, the missile goes in a 
nearly vertical path. For this phase, a satisfactory ap- 
proximation is obtained from curves, fitted to flight test 
data, of ground range and altitude as functions of time. 
These curves are of the form: 


X(t) = Xr,+ R(t) sin Vr 
Y(t) = Y,+ R(é) cos Vz 
h(t) = h(2) 
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where 


X(t), Y(t), h(t) =the missile position coordinates 
X,, Yr=the coordinates of the launch site 
R(t) =a curve fit of ground range versus 
flight time 
h(t) =a curve fit of altitude versus flight 
time. 


In the operational system, it is expected that there 
will be random fluctuations in the cruise altitude from 
missile to missile. This is simulated, in SNORT, by as- 
suming a normal distribution of cruise altitudes with the 
mean and variance supplied by the weapon contractor; a 
cruise altitude is selected at the beginning of each flight. 

During the midcourse phase of flight, which begins 
after the missile reaches cruise altitude, (4) are solved 
with the approximation that y =0. This results in a con- 
siderable simplification, and the equations are solved by 
the modified Euler method. Eq. (4a) is expressed in the 
following computation form: 


= f(t,D, W) 
di oo 5) +) 


At 
Via Vint > [f(T Dis, Wd) + f(Tia, Din, Wi-v)]. 


A similar form is employed for the other five equa- 
tions. 

The time interval used is ¢ second, and the dependent 
variables are carried to a precision of 2—” nautical mile. 

Random fluctuations in nominal missile speed are in- 
troduced in a manner similar to that employed for alti- 
tude variations by applying normally distributed vari- 
ations to the nominal thrust; actual missile speed is 
then determined from a table of Mach number vs 
thrust minus drag. 

When a horizontal maneuver is commanded, the dy- 
namic response of the missile is approximated. Thus, for 
a given command heading change as input, the output 
will be the actual missile heading as a function of time, 
until the new heading is attained. The increased drag 
on the missile is also calculated, and thus the slow-down 
in turn is computed. Realistic limiting of the Mach con- 
trol is also simulated. 

At the end of the midcourse phase, the missile begins 
the transition dive. The approximation y =0 is no longer 
valid and (4) are solved. 

The performance of the airborne homing and control 
system is also simulated. The final phase of the intercept 
is simulated by solving the navigation equations used in 
the actual missile. 


Missile Tracking 


Missile tracking is analogous to target tracking except 
that the known missile speed, altitude, and response to 
heading commands are used in the tracking process. 
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Data ANALYSIS 


Target Tracking Analysis 


The analysis of target tracking data permits a detailed 
examination of selected individual tracks, as well as a 
statistical investigation of tracking performance. 

The analysis of individual tracks consists of a CRT 
display of the true and computed paths of up to ten 
selected aircraft at a time, as well as of printouts of the 
true and computed track position, speed, and heading, 
and of the tracking and radar data errors. These quan- 
tities are computed at 5-second intervals. 

A statistical analysis of tracking performance is pos- 
sible by designing tests in which tracks are given com- 
mon characteristics so that corresponding samples from 
different tracks belong to the same population. For ex- 
ample, if all tracks have the same speed and the same 
turn and blip-scan ratio characteristics, and if they per- 
form identical maneuvers at the same time under simi- 
lar conditions of radar coverage, then if a quantity such 
as position error is measured for all tracks at a particular 
time, the resulting samples form a frequency distribu- 
tion of the positional tracking errors at that time. 

The program computes the mean, standard deviation, 
and median of the position, speed, and heading errors 
for such tracks at five-second intervals. In addition, the 
transient response of tracking to target maneuver is an- 
alyzed by computing the frequency distributions of the 
maximum tracking errors occurring as the result of a 
maneuver as well as of the response time of the tracking 
procedure under these conditions. Two measures of re- 
sponse time are computed by measuring the time from 
the beginning of a maneuver until the error involved 
(position, speed, or heading) has subsided to a specified 
fraction of the corresponding maximum error or until 
this error has fallen below a fixed reference. 

The distributions from individual tracks may be com- 
bined into an over-all distribution for all tracks. It is also 
possible to compute conditional distributions of the 
tracking errors associated with tracks that have a speci- 
fied merit, status, or proximity to other tracks, or are 
performing a specified type of maneuver, or any combi- 
nation of these 

A special feature of the tracking analysis is designed 
to measure the track resolution performance of the sys- 
tem. For formations of closely spaced aircraft or in the 
case of parallel or crossing pairs of tracks, the percentage 
of tracks using radar data generated for a different track 
is computed as a function of time. This permits an as- 
sessment of the growing confusion that results from a 
progressive increase in track density as well as a deter- 
mination of performance limits. 


Analysis of Intercept Data 


A fundamental design goal of the SNORT program is 
to obtain a reasonably large sample of data for inter- 
cepts under realistic conditions, which include random 
fluctuations in certain flight parameters, Consequently, 
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individual intercepts have little or no significance, and 
the results of a particular test are presented in the form 
of frequency distributions. The effect of changing a par- 
ticular parameter in a test, e.g., guidance threshold, is 
appraised according to the resulting change in the dis- 
tributions. 


The principal results which SNORT is designed to 
analyze are: 


1) Percentage of successful intercepts 

2) Exertion (a measure of required missile maneuvers 
in the final phase) 

3) Guidance computation rate 

4) Missile tracking error at end of midcourse 

5) Relative target-missile tracking error at end of 
midcourse 

6) Miss distance (minimum target-missile separa- 
tion). 


Other outputs, which are expected to be of less impor- 
tance, include measures of airborne control system per- 
formance and relative target-missile position for war- 
head studies. 

The frequency distribution for each of these is photo- 
graphed on the CRT and may also be printed on the off- 
line equipment. In addition, the sample size, median, 
mean, standard deviation, and percentage of cases for 
successful intercepts are computed for each distribu- 
tion. A maximum of fifty class intervals per distribution 
is available. 

Control parameters are used to divide all intercepts 
into certain mutually exclusive classes, so as to permit 
the computation of conditional frequency distributions. 
For example, one such parameter is intercept range at 
launch. By means of this parameter, it will be possible 
to separately examine the distributions for short, inter- 
mediate, and long ranges. Other such control param- 
eters include angle between target and missile track, 
number and timing of height reports, and data on target 
maneuvers. These parameters may also be mixed, so 
that the results of certain combinations of conditions 
may be studied. 

Another feature of interest is the capability of pre- 
paring joint frequency distributions for certain pairs of 
variables. This is of particular importance for studying 
items which cannot reasonably be considered independ- 
ent. Variables for which such joint distributions are 
prepared include: miss distance and average computa- 
tion rate; magnitude and bearing of missile tracking 
error (at the end of midcourse); magnitude and bearing 
of relative target-missile position error (at the end of 
midcourse); and latitude and longitude of target with 
respect to missile (at time of minimum separation). 

Detailed intercept information is also available for a 
maximum of ten selected intercepts at a time. This 
consists of a complete history of the intercept on a sub- 
frame basis and includes such items as the commands 
sent to the missile, target and missile positions and 


errors, etc. 
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Finally, the facility exists for preparing, off-line, a 
punched card for each intercept. The data on this card 
includes miss distance, exertion, average computation 
rate, as well as missile position and velocity error and 
relative target-missile position error at the end of mid- 
course. Such data is desirable for use in later statistical 
studies. For example, it may be used to compute regres- 
sion curves of exertion vs average computation rate or 
to estimate the correlation coefficient between missile 
tracking error and miss distance. The required calcula- 
tions may be done either by hand, standard IBM ac- 
counting machines, or another 704 program. 


OPERATING FEATURES 


Under full load conditions (75 simultaneous inter- 
cepts), the WGT portion of SNORT runs at approxi- 
mately five times real time. (This is 15 times faster than 
real time per intercept). A typical test will require ap- 
proximately five hours and result in five hundred inter- 
cepts. This also includes the time used by the recording 
program for recording of data to be processed by the 
Data Analysis program. The major portion of computer 
time (about 80 per cent) is consumed by the missile 
model program. 

The TWS package operates at about half real time 
for 75 target tracks, and SARD operates at about twice 
real time; however the figure for SARD is critically de- 
pendent on the number of radars and number of noise 
returns specified. Likewise, the running time for the 
Data Reduction package varies considerably, depend- 
ing on the output required; a typical figure is about real 
time. 

Because of the extensive running time for the WGT 
package, it was decided to incorporate a “rollback” fea- 
ture into the program. The rollback subprogram oper- 
ates every eight frames and records all pertinent pro- 
gram data on tape. Thus, in the event of computer mal- 
function or of some other circumstance requiring a test 
to be interrupted before completion, it can always be 
resumed at the latest rollback point. The rollback sub- 
program also properly positions the recording tape to re- 
sume this function smoothly. Each time this program 
operates to record rollback data, it also prints one line 
of information to enable the operator to have at least a 
crude indication that the system is operating in the ex- 
pected manner. This “progress print” shows the number 
of missiles launched, number entering midcourse, num- 
ber in dive, number locked on, and number completed. 
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Time Multiplexing as Applied to Analog Computation’ 


EUGENE RAWDINT 


Summary—This multiplexer can perform a common dynamic 
operation upon several sets of inputs utilizing equipment for one dy- 
namic operation. The result of the multiplexing will yield the corre- 
sponding several sets of outputs as though each set of inputs were 
operated upon separately by the dynamic operation. This device is 
useful when the dynamic operation to be shared involves relatively 
expensive equipment such as electromechanical gear and/or elec- 
tronic computing or measuring circuits. It is particularly useful to 
reduce the number of components required when implementing 
problems in a simulation laboratory. 


INTRODUCTION 


HE problems which the engineer of today is called 
alae to analyze are, in general, more extensive 

than the problems of a decade ago, or for that 
matter, last year. Similarly, the problems which the en- 
gineer of today would like to simulate in an analog sim- 
ulation facility are more extensive. But, the analog sim- 
ulation facility, although exhibiting a steady growth, 
just doesn’t seem to be large enough for the next “big 
problem.” The writer and his associates have often 
faced the same situation which many others have faced 
before and since: the multiplier with too few cups, the 
resolver with too few cards, the console with too few 
amplifiers, etc. 

The presentation which follows will describe the par- 
ticular application which caused the multiplexing tech- 
nique to be considered as a possible solution. Then, the 
general multiplexing technique will be described. 
Finally, the multiplexing technique will be applied to 
the particular problem! and a comparison will be made 
between the number of major components involved with 
and without application of the technique. 


PROBLEM 


This section concerns the problem which caused con- 
sideration of a multiplexing technique. Consider five 
vectors and five geometric coordinate systems. One 
problem may be that the three components of one vec- 
tor are known in one coordinate system but the repre- 
sentation is required in another coordinate system. An- 
other problem may be that a vector may be the sum of 
other vectors each of which is expressed in a different 
coordinate system but which total vector must be ex- 
pressed in one particular system. 

The coordinate systems are related by rotational ma- 
trices. That is, it is possible to express any vector in any 
coordinate system by its equivalent representation in 
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any other coordinate system by use of the rotational 
matrices. The coordinate systems are related as follows. 
If a vector, Q, is expressed in coordinate system 1, it 
will be called Q;. In order to express @ in coordinate sys- 
tem 2, the relationship is 


[>| [A_] [Q:] (1) 


which indicates that coordinate system 2 is rotated 
about the Z axis through an angle, A, to coordinate sys- 
tem 2. Similarly, 


[93] = [Z.][Q2] (2) 
[9.] = [av][Qs] (3) 
[Qs] = [6.][Q.l. (4) 


The five vectors in the problem are a gravity vector, 
G, a gyro spin vector, S, a position vector, D, an angu- 
lar rate vector, t, and a velocity vector, V. 

In order to appreciate the type of operations upon 
these vectors, consider the vector, t. & is the total 
turning rate of the last coordinate system with respect 
to the first. 


Y=A+ E+a+6. (5) 
Individually, the components of ¢ are 


Rey Wray es Be (6) 


i is an example of a vector which consists of other vec- 
tors each of which is known in a different coordinate sys- 
tem. The coefficients x, y, z, as shown above, are unit 
vectors on the corresponding axes in the indicated co- 
ordinate systems. Thus, if it is desired to know ¢ in co- 
ordinate system 5, 


[Ys] = [6.][ey][Z.][Ae] + [82] [ey] [Es] 
+ [6z] [ees] + [8s]. (7) 


Detailed descriptions of the five vectors and five coordi- 
nate systems with the associated matrices are given in 
the Appendix. The diagrams which obtain these five 
vectors in the desired coordinate systems are Figs. 1-5 
inclusive. By counting the total number of components 
in Figs. 1-5 inclusive, the number of components re- 
quired to accomplish the required operations upon the 
five vectors can be ascertained when conventional meth- 
ods are employed. This total is shown in Fig. 6. 


GENERAL MULTIPLEXING TECHNIQUE 


Now, consider the general multiplexing technique. 
Consider a signal, a1, which is to be operated upon bya 
dynamic operator, f(#), to form the signal aay. See Fig. 
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Fig. 1—Derivation of X and Z components of gravity vector in co- 


ordinate system 5 from gravity vector expressed in coordinate 
system 1. 


Fig. 2—Derivation of gyro spin vector expressed in coordinate sys- 
tem 5 from gyro spin vector expressed in coordinate system 1. 


Fig. 3—Derivation of distance vector expressed in coordinate sys- 
tem 5 from distance vector expressed in coordinate system 1. 


Fig. 4—Derivation of X and Z components of total angular turning 
rate of coordinate system 5 from individual relative turning rates 
of coordinate systems 2-5. 


Fig. 5—Derivation of velocity vector in coordinate system 1 from 
velocity vector expressed in coordinate system 3. 
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Conventional Implementation 


Total number of cards on A shaft 6 
Total number of cards on E shaft i 
Total number of cards on a shaft 1 
Total number of cards on @ shaft 8 
Total number of amplifiers 69 


Fig. 6—Components required for conventional implementation. 


7. Now consider the same input signal, a1, the same f(é) 
plus the additional circuitry shown in Fig. 8. The prop- 
erty of the relay contacts K1-1 (to be called the sam- 
pling contact as will all odd numbered contacts) and 
K1-2 (to be called the desampling contact as will all 
even numbered contacts) is that K1-2 opens slightly 
before K1-1 when the relay K1 is deenergized. Also, the 
time constant of the output circuit of Fig. 8 (to be 
called the memory circuit) is short compared to the 
time that the contacts, K1-1 and K1-2, are closed. In 
addition, the signal, ai, is slowly varying compared to 
the sample rate. Also, f(t) is slowly varying compared 
to the sampling rate and f(t) has no long time delays to 
preclude its complete operation upon a while K1i-1 and 
K1-2 are closed. Otherwise, f(¢) has no restrictions. 
f(#) can be linear, nonlinear or linear and time varying. 
In Fig. 8, when the contacts K1-1 and K1-2 are closed, 
the signal ay’ is the same as the signal aa, of Fig. 7. Also, 
since the time constant of the memory circuit is so short 
compared to the (relatively) slowly varying input signal, 
aa’ of Fig. 8 is equal to aa; of Fig. 7. Suppose at f= Ti 
the contacts of K1 open (measure time from ¢=0 when 
the contacts of relay K1 close). aay’ will hold the value 
of aa; att=7i. Att=r, K1-1 and K1-2 close again and 
the dynamic computation takes place to update aay’. 
Since aay’ is slowly varying, aa1’ of Fig. 8 and aa of Fig. 
7 can be regarded as equal. Therefore, the output of the 
memory circuit will be called aa; also. Fig. 9 shows the 
time relationship of the a1, a1’, aa1’, and aa, signals and 
the time the contacts K1-1 and K1-2 are closed. 

Now, consider a set of signals, {a}, the components 
of which are a, 2, a3, --*. This set of signals is oper- 
ated upon by a dynamic operator, g(t). The output is a 
set of signals, {aa}, the components of which are aa1, 
dz, 403, - - - . These relationships are shown in Fig. 10. 
By analogy with the discussion for Figs. 7 and 8, the 
outputs of Fig. 11 are equivalent to the outputs of Fig. 
10. The important feature to be realized from the pre- 
ceding discussion is that when the contacts of Ki are 
open, the equipment represented by f(t) or g(é) is not 
used at all. 

Now, consider two signals, a1 and by, both of which 
are operated upon independently by the same operator, 
h(t). See Fig. 12. The corresponding outputs are ad, 
and bb;. Suppose there were two relays K1 and K2. K1 
operates as indicated above. K2 operates so that its 
contacts close after the contacts of Ki open; the con- 
tacts of K2 open before the contacts of K1 close. The 
timing relationship of the sampling and desampling 
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Fig. 7—Basic block. i bb, 


Fig. 13—Basic block plus memory circuit for two sets of inputs. 
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Fig. 8—Basic block plus memory circuit. Z 
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{20 tePowsr quan Fig. 14—Basic block plus memory circuit for two sets of inputs 
each of which set has several members. 
Fig. 9—Waveforms at indicated points of Fig. 8. 


contacts of K2 is the same as for K1. That is, the de- 
a, g(t) ie sampling contacts open before the sampling contacts 
92 | ee open when the coil is de-energized. Now, the signals, a; 
i 
! ! 


and by, can be combined as in Fig. 13 to be operated 
upon by a single equipment complex called h(t) to result 
in the outputs aa; and 6d;. This is possible because the 
signals a; and 6; do not use the operator h(t) at the same 
time. By extending this argument, as in Fig. 11, to two 
sets of signals, {a}, which consists of a1, dz, a3, - - - and 
{b}, which consits of bj, bs, b3, - + - , Fig. 14 results. By 
extending the same argument to several sets of inp ts, 
{a}, {o}, {c},---, all of which are to be operated 
upon by the same operator, R(t), resulting in the cor- 
responding sets of outputs {ac}, {bb}, {cc}, +++, Fig. 
15 results. Fig. 16 indicates a cam and microswitch ar- 
Fig. 11—Basic block plus memory circuit for several rangement to provide the proper timing relationships 
members of one set of inputs. among the contacts of KI Kee Se SY 
Three variations will now be described. First, suppose 


that the a2 component is not present. Then the input 
F SG circuits to the operator k(t) are as shown in Figw iv: 
! a3 Quite obviously, any number of components may be 


missing from one or more sets and the scheme would still 


be valid. Similarly, if one or more components of an out- 
‘ bb put set are not required, the corresponding memory cir- 
! ' cuits for these components may be excluded. 


For the second variation, suppose that the operator 
Fig. 12—Basic block for two sets of inputs. m(t) consists of several operators in tandem: my(t), 


Fig. 10—Basic block for several members of one set of inputs. 
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Fig. 15—Basic block plus memory circuits for several sets of 
inputs each of which set has several members. 


Fig. 17—Basic block with az element omitted. 


m(t), m;(t), - - + . Suppose further that the operation to 
be performed upon the input set, {q}, is that q1,q2,-° °°, 
Qn) nt2, °° * are to be operated upon by m(t), but 
dni is to be operated upon by ma(t), m3(t), Ne only. 
This variation is accommodated as shown in Fig. 18. 
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Fig. 18—Basic block with element introduced 
late in tandem sequence. 


Fig. 19—Basic block plus memory circuit with selected outputs 
extracted early from a tandem sequence. 


This principle can be extended to introduce any number 
of elements at different points of the operator, m/(t), 
and is applicable to several members of several sets si- 
multaneously. 

For the third variation, suppose that the operator, 
m/(t), consists of several tandem operators mi(t), m2(é), 
m;(t), +++. Suppose that m(t) operates upon several 
sets of inputs but that only m(¢) and m.(£) operate upon 
the {a} set to result in aa, and aa. The remaining com- 
ponents of {aa} are determined, in this example, by the 
full operation, m(t), operating upon all of the compo- 
nents of {a}. This variation is accommodated as shown 
in Fig. 19. Likewise, this variation is applicable to sev- 
eral members of several sets simultaneously which can 
be extracted after any tandem component of m(é). 


APPLICATION OF TECHNIQUE TO PROBLEM 


In this section, the techniques immediately preceding 
are applied to the aforementioned problem. The imple- 
mentation is shown in Fig. 20. In order to impart an 
idea of the frequencies and timings involved, the follow- 
ing data are offered. The input signals had a frequency 
of about 0.1 cps; 7 was one second and the time constant 
of the memory circuit was 0.01 second. This was a very 
conservative design and did not come close to testing 
the full capabilities of the technique to handle faster 
waveforms at higher sampling rates. 
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Fig. 20—Alternate method employing time-share technique to accomplish the same results from the same inputs as Figs. 1-5 inclusive. 


CONCLUSIONS 


To summarize: Fig. 21 lists a direct comparison of 
major components employed by the implementation 
with and without the multiplexing technique. If each 
shaft has either two or three sin/cos cards associated 
with it, then the saving is 8 resolvers, 33 amplifiers, plus 
auxiliary equipment such as racks, power supplies, etc. 

Again, the limitations upon the signals and the dy- 
namic operator: the signal must be slowly varying com- 
pared to the sampling period. The operator may be 
linear, nonlinear or time-varying but cannot have a de- 
lay which would preclude its complete operation upon 
the signals during the time the output is being calcu- 
lated. 


APPENDIX 
The particular vectors discussed are: 
a) G, the gravity vector. G is known in coordinate 
system 2 as G=z,G. The X and Z components of G are 
required in coordinate system 5. 


[Gs] as [8.| [ay] [Ex] [Go]. (8) 


b) S, the gyro spin vector. S is known in coordinate 
system 1 as S=x,Sxi+yiSy1. The X, Y and Z compo- 


Implementation Employing Multiplexing 


W/O 


vaultiples W/multiplex Savings 
Cards on A shaft 6 2, 4 
Cards on E shaft a 2 5 
Cards on a shaft 7 2 5 
Cards on 6 shaft 8 2 6 
Number of amplifiers 69 36 33 


Component savings W/multiplex: 8 resolvers plus 33 amplifiers 


Fig. 21—Comparison of equipment requirements with 
and without time share technique. 


nents of S are required in coordinate system 5. 
[Ss] oa [82 [a,] [Ez] [A] [Si]. (9) 


c) D, a position vector. D is known in coordinate 1 as 
D=x,Dx,+yiDy1+2,Da;. The X, Y, and Z components 
of D are required in coordinate system 5. 


[Ds] = [6.][ov][#.][4.][Dal. 


d) 4, an angular rate vector. y, is known as 


(10) 


sig Ai-bie gle ysa — xu. 
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_ The X and Z components of 4 are required in coordinate 
system 5, 


[us] = [8-][oy][Z.][A2] + [62] ley] [Es] 
+ [8.][os] + [86]. 
e) V, a velocity vector. V is known as 
V3 = x3Vx3 + y3Vy3 + z3V 23. 
It is required that V be obtained in coordinate system 1. 
[Vi] = [z..>[4,]-[v,]. (12) 


The term by term expansions for the rotational matrices 
are 


(11) 


cos A —sin A 0 
eel = sin A  - cos A 0 (13) 
0 0 1 
1 0 0 
We ies 0 cos EE sin E (14) 
0 —sin £ cos E 
cos @ 0 sin a 
feshes|* <*0 1 0 (15) 
—sin a 0 COS @ 
1 0 0 
[e.] = 0 cosB —sin8 (16) 
0) sin B cos B 


Fig. 22 supplies the physical interpretation to these 
“ matrices. Fig. 22 is shown for the derivation of any vec- 
tor, Q, in coordinate system 2 from coordinate system 1. 
Similar diagrams can be drawn for the remaining rota- 
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Fig. 22—Derivation of vector representation in coordinate 
system 2 from representation in coordinate system 1. 


tions. Eqs. (17)-(20), inclusive, are the expansions of 
(1) through (4). 


Ox, = Qx, cos A — Oy; sin A 


Qy2 = Qai sin A + Qy; cos A (17) 
Q22 = Qz1 

Ox3 = Ox2 

Qys = Oye cos E + Qze sin E (18) 
Qz3 = — Oyo sin E + Qzo cos E 

Qx4 = Qx2 cos a + Qze sin a 

QOys = QOys (19) 
Oz, = — Qx3 sina + (023 cosa 

Qxs = Ova 

Oys = Qys cos B — Qz4 sin B (20) 


Qzs = Qyssin B + Qz4 cos B 
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A Figure of Merit for Single-Pass Data 


Recording Systems” 
J. H. MULLIGAN, JR.+ 


Summary—The problem of the interference caused by eddy cur- 
rent transients to the reproduction of recorded data is studied for 
single-pass magnetic recording systems of both the write-read and 
read-write variety. Signal-to-interference ratios are introduced for 
both modes of operation, and their variation is studied in detail. It 
is found convenient to introduce a dimensionless parameter a as a 
figure of merit for single-pass systems. This factor is a function of 
the velocity of the magnetic medium, the number of pulses that can 
be recorded per unit length, and the permeability, conductivity, and 
dimensions of the laminations of the recording head; it is equal to 
a=7?/6Nvucd?. Brief consideration is given to the effect of certain 
practical system factors on the conclusions reached from the theo- 
retical analysis. 


INTRODUCTION 


principle of storing information in digital form by 

a change in the state of longitudinal magnetization 

on the surface of a magnetic drum or tape. On playback, 
the remanent magnetization of the recording medium 
produces a flux whose change with time induces an out- 
put voltage in a suitable reading winding. Experimental 
results have indicated that a good approximation to the 
distribution of remanent magnetization produced by a 
narrow pulse of current is given by the normal proba- 
bility density function which is indicated in Fig. 1(a). 
The open circuit induced voltage produced in the read- 
ing winding by the magnetization of that figure, which 
is proportional to the time derivative of the flux travers- 
ing the reading winding, has the form shown in Fig. 1(b). 
Recognition of the shape of the signal and the loca- 
tions of the maximum and minimum values of output 
voltage depicted in Fig. 1(b) led to the invention of 
single-pass operation! of data recording systems by 
J. H. McGuigan, O. J. Murphy, and N. D. Newby. 
As already reported,?* this technique is used in the 
processing of data for telephone switching systems, The 
state of magnetization of a particular data storage loca- 
tion or “cell” on the magnetic medium is examined in 
this method when the combined reading-writing head 
reaches point A in Fig. 1(b). Ifa decision is made to alter 
the state of magnetization of the medium, a pulse of cur- 


ences: application has been made of the 


* Manuscript received by the PGEC, October 24, 1958. A portion 
of this work was done by the author as consultant to the Bell Tele- 
phone Labs. Inc. 

+ Dept. Elec. Eng., New York University, New York, N. Y. 

1 J. H. McGuigan, “Combined reading and writing on a magnetic 
drum,” Proc. IRE, vol. 41, pp. 1438-1444; October, 1953. 

2 W. A. Malthaner and H. E. Vaughan, “An automatic telephone 
system employing magnetic drum memory,” Proc. IRE, vol. 41, pp. 
1341-1347; October, 1953. 

3F, J. Buhrendorf, H. A. Henning, and O. J. Murphy, “A lab- 
oratory model magnetic drum translator for toll switching offices,” 
Bell Sys. Tech. J., vol. 35, pp. 707-745; May, 1956. 
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Fig. 1—(a) Form of distribution of remanent magnetization on 
recording medium; (b) Form of voltage induced in reading 
winding. 


rent can be provided to the writing winding when the 
head reaches point B. Naturally no current is applied if 
no change of magnetization is desired. This form of 
single-pass operation will be called “read-write” single- 
pass operation because of the opportunity to read the 
state of magnetization in sufficient time to change the 
state of the cell, 7.e., to write, if desired, in only one pas- 
sage of the reading-writing head past the particular cell 
on the magnetic drum or tape. 

Use of the single-pass principle in a different manner 
has been suggested by T. L. Dimond as a means of 
checking whether a particular writing pulse has indeed 
produced the desired state of magnetization on the mag- 
netic material used as a storage medium. He has sug- 
gested that a sampling of the voltage across a suitable 
winding on the recording head when the head is at point 
C in Fig, 1(b) would indicate whether the recording at- 
tempted when the head was at point B a short time 
earlier had actually been accomplished. In contrast with 
the applications reported previously, this involves writ- 
ing information followed almost immediately by read- 
ing, and as a consequence, this will be identified as 
“write-read” single-pass operation. 
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a A fundamental physical phenomenon interferes with 
the practical implementation of both forms of single- 
pass operation as just outlined. In order to write infor- 
mation on the storage medium, a pulse of current is re- 
quired in the recording winding. As the current builds 
up in the winding on the recording head, energy is 
stored in the magnetic field produced by the current, 
and at the conclusion of the writing interval, the stored 
magnetic energy cannot be dissipated instantly in the 
absence of a sink capable of absorbing energy at an 
infinite rate. Consequently, an attempt to change the 
current in the winding and thus the flux in the magnetic 
core from their values at the end of the writing pulse re- 
sults in the production of induced electromotive forces. 
The latter cause the well-known eddy currents in the 
magnetic material on which the recording winding is 
wound. The flux produced by the eddy currents opposes 
the tendency for flux change in the magnetic material 
at the termination of the writing pulse. As a result, the 
voltage across any winding on the magnetic core is lim- 
ited in its rate of change by the electrical properties of 
the magnetic substance. The flux of the eddy currents 
induces a voltage in the reading winding on the record- 
ing head which can interfere with attempts to observe 
the signal produced in the same winding by the change 
in magnetization on the recording medium when single- 
pass operation is employed. 

In this paper, a signal-to-interference ratio is intro- 
duced which serves as a quantitative measure of the per- 
formance of a single-pass magnetic recording system of 
either the read-write or write-read variety. The varia- 
tion of this ratio as a function of time is studied, and the 
conditions under which the ratio is a maximum are dis- 
cussed. It is found that it is convenient to discuss the 
performance of single-pass systems in terms of a single 
dimensionless parameter which may be used, therefore, 
as a system “figure of merit.” The figure of merit is use- 
ful in evaluating the feasibility of proposed single-pass 
systems as well as in indicating directions for improve- 
ment of existing systems. 


WAVEFORMS IN SINGLE-PASS OPERATION 


Reproduced Signal 


Reporting on experiments with recording on a mag- 
netic drum, Buhrendorf, Henning, and Murphy? indi- 
cated that the open-circuit reproduced voltage from a 
reading winding passing over a cell in which informa- 
tion is stored has the form of the derivative of the nor- 
mal error function. From this they infer that the mag- 
netic condition of the drum surface as interpreted by 
the head has a spatial distribution similar to the normal 
error function itself. 

Starting with this information, the equation of the 
signal appearing at the terminals of the reading winding 
has been determined subject to several assumptions. It 
was assumed that the magnetization pattern impressed 
upon the magnetic medium by a short pulse of current 
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(approaching a 6 function) in the recording head could 
be expressed by the normal probability density function. 
In addition, the “aperture effect” or weighting function 
to be applied to the magnetization pattern on the mag- 
netic medium in order to deduce the total flux inter- 
cepted by the reading winding on the recording head 
during the reading process was taken to be the same 
function of distance along the magnetic tape. The vari- 
ance of the normal error function was deduced from an 
experimentally determined relation between the closest 
permissible cell spacing and the peak-to-peak time of 
the reproduced sigiial which was furnished by Buhren- 
dorf, Henning, and Murphy.‘ Subject to the foregoing 
assumptions, the reproduced signal was found to have 
the expression 


E, = 6N+/ev?Mis(0*)ete8"?*, (1) 


The quantities appearing in the equation have the fol- 
lowing significance and units: 


E,=Voltage across terminals of reading-writing 
winding (one winding head) or across termi- 
nals of reading winding (two winding head) 
in volts. 

N=Maximum number of pulses that can be re- 
corded per inch of magnetic medium. 

v=Velocity of magnetic medium passing under 
head in inches per second. 

M=Self inductance of reading-writing winding 
(one winding head) or mutual inductance be- 
tween reading and writing windings (two 
winding head) in henrys. 

1,(0*+) = Current in writing winding at end of writing 

pulse in amperes. 

t=Time in seconds after center of cell passes 
under writing head. 

e=Peak pulse voltage obtained at terminals of 
reading winding on playback per unit of 
velocity per unit of inductance per unit of 
writing current in volts per inch per second 
per henry per ampere. This constant may be 
determined experimentally by one measure- 
ment. 

e=A constant =2.718. 


The maximum value of Z, occurs when ¢=1/6Nv at 
which time the signal has the value 


Eum = vMi,(Ot)e. (2) 


The minimum value of &, is the negative of this value 
and occurs at ¢= —1/6Nv. 

Since there are N pulses per inch of magnetic medium 
and the linear velocity of the latter is v inches per sec- 
ond, the time taken for the head to move between the 
centers of two adjacent cells is 1/Nv seconds. This time 
separation corresponds to six times the interval between 
B and Cin Fig. 1(b). This time relation is the one cited 


4 Private communication. 
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by Buhrendorf, Henning, and Murphy to which refer- 
ence was made above. In the analysis that follows, it is 
convenient to introduce a normalized time variable u 
which is equal to unity when &, is a maximum. Defining 


u = 6Nut, (3) 
the equation for E, may be put in the form 
E, = VeMis(Ot)eue-”!?. (4) 


With this normalization, the interval between cell cen- 
ters is 6 units (of normalized time), and the cell cen- 
tered at u=0 extends from u= —3 to u=+3. It is of 
interest to note that the value of E, at the cell boundary 
is approximately 5 per cent of FE, in the absence of any 
signal contribution from an adjacent cell. 

For calculations in connection with read-write opera- 
tion, it is necessary to have the expression for the repro- 
duced signal in one cell with regard to a time origin at 
the center of the preceding cell. Knowing that the cell 
centers are 6 units apart, the desired expression for sig- 
nal voltage in the cell following that for which (1) ap- 
plies is 

Ey. = VevMis(Ot)e(u — 6)e— -8)"!2, (5) 


The signal has minimum and maximum values at u=5 
and u=7, respectively. 

In Fig. 2, the sum of (1) and (5) has been plotted to 
indicate the form of reproduced signal obtained when 
signal is contributed from two adjacent cells. The result 
appears to agree well with that obtained experi- 
mentally.® 

In practical systems, there are effects resulting from 
hysteresis and the fringing of the head flux which pre- 
vent complete erasure of the influence of previous mag- 
netization on the magnetic media. As a result, there is 
some residual signal reproduced from cells which have 
been magnetized previously and then erased.!* To avoid 
false operation of the system it is necessary to introduce 
a threshold level of suitable amount so that these and 
other interfering “noise” voltages which may be present 
in the channel can be rejected. Typical threshold limits 
are indicated by the dashed lines in Fig. 2. 


Eddy Current Signal 


The role played by eddy currents in possible interfer- 
ence with single-pass operation has already been con- 
sidered in the Introduction. It is of interest to note that 
for a given system, the effect of the interference on 
write-read operation is greater than on the read-write 
mode inasmuch as a greater time elapses for the expo- 
nential decay of the eddy currents before reading takes 
place in the latter mode. 

A rigorous computation of the signal resulting from 
eddy currents in typical reading-writing heads is not a 
simple process because of the geometry involved and as 
a result of other factors such as the lack of precise 


5 See Fig. 3 of footnote 3. 
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Fig. 2—Reproduced signal. Data stored in two adjacent cells. 


knowledge of certain physical constants. For guidance 
in the evaluation of single-pass systems, an approxima-_ 
tion has been made to the form of the signal which ex- 
ists by the calculation of the eddy currents produced in 
a core of a rectangular cross section uniformly wound 
with the writing and reading windings. The signal pro- 
duced at the terminals of an open-circuited reading 
winding wound on such a model of the head is*7 


64 wll Oe 1 d? 
E, = ay poMi,(0T) > Ss l=—; a= | (6) 


n=1m=11(2m — 1)? 


» Pat [(2n—1) "+d? /w (2m—1)?*] 


where 


po=T/uod? 

a =effective permeability of head lamination material 
in henry per meter (includes effect of air gap: 
w=p'/(1+Kl./h) where K is the relative perme- 
ability of the core, J; and J; are the lengths of the 
magnetic circuit in air and iron, respectively, and 
uw’ is the permeability of the core material itself) 

o=conductivity of head lamination material in mhos 
per meter 

d=thickness of lamination in meters 

w=width of lamination in meters. 


The other quantities have been defined previously. 


§ J. H. Mulligan, Jr., “The use of iterated Laplace transformations 
in the solution of combined circuit-field problems.” Presented at 
AIEE Winter General Meeting, New York, N. Y., February, 1959, 
to be published in Transactions of AIEE. The equation given is an 
approximation in the sense that the rate of decay is taken to be 
limited only by the properties of the head laminations and not by the 
parameters of the external circuit. This is the condition for the most 
rapid completion of the eddy current transient. The method of in- 
cluding the effect of the external circuit in the computations is dis- 
cussed in the reference cited. 

7 From recent work it appears that the validity of the classical 
eddy current analysis on which (6) depends is questionable when 
lamination thicknesses become less than one mil. See, for example, 
N. Menyuk, “Magnetic materials for digital computer components 
Il—magnetic characteristics of ultra-thin molybdenum-permalloy 
cores,” J. Appl. Phys., vol. 26, pp. 692-697; June, 1955. T. C. Chen 
and A. Papoulis, “Terminal properties of magnetic cores,” Proc. IRE, 
vol, 46, pp. 839-849; May, 1958 


1959 


_ When the lamination width to thickness ratio w/d 
becomes appreciable, the summation in (6) with respect 
to m can be approximated and summed? as follows: 


; 1 @? 

Sy hae 1? | wn — 1)? 
5 : e, 

ae On te 


| E—Pot [ (2n—1)*4-d? /w? (2m—1)?] 


— cx (2n—1) 2pot 


e— (2n—1)" pot, (7) 


This in turn permits the expression for the eddy current 
signal to be written as 


8 ) 
E, = me poMis(Ot)ePot D> e-1@n—1)*-1 pot, (8) 


n=1 
Because of the rapid convergence of the exponential 
terms, One can approximate (8) with an error of less than 
1 per cent for pot >0.2 by 


8 
[= te pol is(0F) e-Pot(1 + e— Spot) (9) 
7H 


and for pot >0.4, less than 5 per cent error is incurred in 
replacing (8) by the expression 


8 
E, = — poMi(Oe, (10) 
1 


A serious problem in the use of single-pass operation 
is the one of detecting the reproduced signal with cer- 
tainty in the presence of an eddy current signal which 
may be of comparable amplitude at the sampling in- 
stant. Eqs. (4), (5), and (9) or (10) allow a quantitative 
estimate to be made of the relative amplitudes involved 
in the evaluation of the feasibility of a proposed system. 
The equations may be used to define signal-to-interfer- 
ence ratios for read-write and write-read operation 
which furnish quantitative measures of system per- 
formance. This matter is considered in the next section. 

Fig. 3 indicates waveforms of interest in the evalua- 
tion of a single-pass system. The signals were computed 
using experimental data on reproduced signal taken 
from a high quality recording-reproducing device. The 
parameters of the assumed system result in a 20 db sig- 
nal-to-interference ratio at the point of reproduced sig- 
nal maximum. It is to be noted that the total output sig- 
nal has no peak or maximum value as might be ex- 
pected, but that instead, the presence of the reproduced 
signal causes an appreciable broadening in time of the 
signal produced in the reading winding by the effects of 
- the eddy currents alone. 


SIGNAL-TO-INTERFERENCE RATIOS 


In this section, ratios are defined and studied which 
are valuable in assessing the performance of both write- 
read and read-write single-pass data recording systems. 


8 Konrad Knopp, “Theory and Application of Infinite Series,” 
Hafner, New York, N. Y., p. 238; 1951. 
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Fig. 3—Eddy current transient, reproduced signal, and total output 
signal for an assumed write-read single-pass system. 


Write-Read Operation 


The signal-to-interference ratio (S/J) for write-read 
operation, 71, is defined as 


E, /evMis(0*) ene"? 


A (11) 
— poMlis(OF)er'(1 ole Spot) 
Tv 


for pot>0.2. For pot>0.4, this reduces to the simpler 
form 


/evM i; (0+) ene"? 


va 3 (12) 
— poMi,(0t) eo 
Tr 
Simplification of these two equations yields 
we /euere—v 12 ‘c 
1 48N a(1 + @ 8) 1s) 
and 
we ~/euets—v' 2 aa 
aueasN 5 we) 
for (11) and (12), respectively, where 
Po (a 
(15) 


UNS Sat, Bee 
6Nv 6Nvycd? 


The quantity a is the ratio of the time required for one 
complete data cell to pass the recording head to the time 
constant of the dominant term in the eddy current 
transient. It relates the properties of the recording head 
to those of the recording medium. It will be seen shortly 
that it is a convenient figure of merit for single-pass sys- 
tems. 
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The maximum value of reproduced signal occurs at 
u=1. It is of interest to examine the behavior of the 
signal-to-interference ratio at this value of time. From 
(13), with w set equal to unity, it is found that, 


re e% we 
Vis = = F(a) : 


(16) 
48N a(1 +8) 48N 


Fig. 4 shows the variation of the factor F:(a) expressed 
in decibels, i.e., 20 logis Fi(a). It is observed that the 
minimum value of F(a) occurs at approximately a=1, 
that a relatively small change occurs in the region from 
0.2 to 2.5, and that as a takes on values greater than 
about 4, Fi(a) increases rapidly. The curve may be used 
to indicate how a relatively large change in one system 
parameter can act to produce a comparatively small 
change in signal-to-interference ratio. In one system 
studied recently, the recording medium proposed was 
magnetic tape moving with a velocity of 200 inches per 
second. Taking into account the other constants of the 
proposed arrangement an a of 0.250 was obtained. A 
modification of the tape velocity to 40 inches per sec- 
ond, 7.e., a change of 5 times, produced a new value of a 
of 1.250, which from the curve of Fig. 4 corresponds to 
a reduction of 4 db in the signal-to-interference ratio. 
The same change in a of 5 to 1, starting with an a great- 
er than unity, however, would have resulted in a con- 
siderable improvement in system performance as is ev1- 
dent from the figure. 

There is no reason to believe that the S/I ratio at 
maximum signal will be the maximum value of the ratio. 
Indeed, starting with (14), which is considered a good 
approximation for au>0.4, it is found that the maxi- 
mum value of y; and its location are given by 


26 


~ 48N 


1 af a2] 2 
a [1+ -VS1 + 4/a2|elttv1t4/e7le'/4 (17) 


eee => [t+ vit ae]. (18) 


A study of (17) and (18) shows that the maximum 
values of y:1 always occur at a time greater than u=1, 
that is, beyond the time at which the reproduced signal 
isa maximum. Fora =1, Y¥1max occurs at u = 1.62 and, for 
smaller values of a, the maximum is between this point 
and u=1. A practical consideration enters the problem 
here in that as can be seen from Fig. 2, the boundary of 
the data cell occurs at u=3, or even before when the 
effect of the threshold is considered. It is found that for 
a>2.67 the value of uw for maximum 7; falls outside of 
the cell, 7.e., is greater than uw =3. As a consequence, the 
maximum .S/J ratio is obtained on the boundary for 
values of a in excess of 2.67. These results have system 
implications which are discussed below. 
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Fig. 4—Signal-to-interference ratio at maximum signal (write-read 
operation). Plot of the factor F, (a) in decibels. 


It is convenient to write (13) in the form 
we 


48N 


Gi(u, a) (19) 


TiS 


where 
a/eucre—e 12 


Gi(u, ee 
i(u, a) a(1 + e824) 


It is clear that the function F\(a) which has just been 
considered is equal to G;(1, a). Curves of the function 
Gi(u, a) in decibels, 7.e., 20 logio Gi(u, a), are shown in 
Fig. 5. Recalling that u is the normalized time variable 
6Nvt, it is known that the maximum values of repro- 
duced signal all fall on the line ~=1 whereas the cell 
boundary is at u=3. 

By means of the curves it is a simple matter to com- 
pute the S/J ratio in a particular system. The value of 
G,(u, a) in db is taken from the appropriate curve and 
added to 20 logio 7?e/48N to obtain y;, in decibels. The 
importance with regard to S/I ratio of having a value 
of a significantly greater than unity is quite apparent 
from the curves. It is also seen that improved S/J ratios 
are attainable by sampling for the existence of repro- 
duced signal at times greater than that at which the 
latter is maximum. 


Read-Write Operation 


For read-write operation, the approximation (10) 

is suitable for all values of ¢ to be used, so that the S/I 
ratio can be defined as 

Ea _ VaMin(0*)e(6 — ue 


" = 
2 o> 


—(6—u)?/2 


8 
— poMi;(0*)erret 
=) 


where, since the reproduced signal is negative in the 
region of interest, — E,2 has been used to provide a posi- 
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Fig. S—Signal-to-interference ratio as a function of time (write-read 
operation). Plot of the factor G; (u, a) in decibels. 


tive number for 2. Simplification of the expression 
yields the counterpart of (13) and (14), namely 


me /e(6 — ue (6-0) 12 
72 a ———————————— 
48N a 
or 
Alani) (20) 
= u, a 
ety. 
where 
Je eo u)_r— (6—u)*/2 
Pers Sr, 


a 


The peak amplitude of £2, prior to the time the re- 
cording head reaches the center of the cell, occurs at 
u=5. The value of y2 at this instant is at, 


we 


= —- 21 
48N a OY 


2 


By comparison with (16), it is seen that the improve- 
ment in S/J ratio is approximately e*, corresponding to 
34.7a db increase over the values shown in Fig. 4. As in 
write-read operation, the maximum value of the S/I 
ratio does not coincide with the location of the inaxi- 
mum reproduced signal. Instead, the maxima are located 
at 


tines = 6 — — [VIF Hot — 1] (22) 


and the corresponding values of 72 max are 


Single-Pass Data Recording Systems 53 


200 


8 


(3p(u,a) - DECIBELS 


50 


° 


40 5.0 
NORMALIZED TIME - u=6Nvt 


Fig. 6—Signal-to-interference ratio as a function of time (read-write 
operation). Plot of the factor G2 (u, a) in decibels. 
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An examination of (22) reveals that the maxima are all 
located between u=5 and u=6, that is, between the 
time of peak signal and the time that the center of the 
second data cell passes under the head. Furthermore, 
the maximum signal to noise ratios all exceed the values 
at the signal peak given by (21). 

The function G2(u, a) in decibels is plotted as a func- 
tion of wu in Fig. 6. Since y2 (db) is obtained directly 
by adding 20 logiy 7’e/48N to the values given by the 
curves, the variation of the S/J ratio as a function of u 
and @ is immediately apparent. As before, the curves 
for values of a greater than unity show a significant in- 
crease in S/J ratio beyond the point of peak signal (the 
line u=5). 


System Considerations 


The analytical results presented earlier consider only 
the problem of eddy current interference with the re- 
production of recorded information in single-pass sys- 
tems. Eddy current interference is indeed an important 
factor in such systems, and were this the only interfer- 
ing signal present, the results of the analysis would 
suggest the following rather clearly: 


1) In write-read systems, sampling for the presence 
of reproduced signal should occur as close to the 
cell boundary as possible whenever parameter a 
exceeds about 3 and between the point of maxi- 
mum signal and the boundary for smaller values 
of a. 
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2) In read-write systems, sampling for the presence 
of reproduced signal should occur later in time 
than the location of the peak signal, approaching 
the center of the cell rather closely for values of a 
equal to or greater than 2. 


In practical rather than theoretical systems, however, 
the presence in the reading signal channel of noise or 
other undesired signals (even the reproduced signals 
from adjacent cells) can cause significant modification 
of these conclusions depending on the magnitudes of 
the interfering sources relative to the eddy current inter- 
ference. It has already been mentioned that the imposi- 
tion of a threshold level was found necessary to elim- 
inate false operation because of the existence of repro- 
duced signals resulting from incomplete erasure of mag- 
netization patterns. As soon as a threshold is introduced, 
the absolute values of EZ, and £,. at the sampling in- 
stant relative to the threshold value become important 
considerations in addition to the values of yi and 72. In 
fact, the signal level required above the threshold for 
adequate discrimination (even in the assumed absence 
of eddy currents) as well as the value of the threshold 
itself limit how close to the limits desirable from a theo- 
retical point of view one can operate the system satis- 
factorily. 

Another practical consideration also serves to limit 
the degree to which one can approach the theoretically 
ideal performance boundaries. This factor is the time 
taken to perform the logical operations with the data 
which are read from the recording medium during the 
sampling instant. In write-read systems, if it appears 
that data have not been recorded properly, presumably 
some action is required before the recording head enters 
the next cell. In read-write operation, after sampling, 
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a decision is required if writing is to take place when the 
head reaches the center of the cell. In both arrange- 
ments, therefore, time intervals of some arbitrary mini- 
mum value are needed for the necessary data processing 
which in turn sets a limit as to how far past the point of 
maximum signal one may place the reading instant. 

In spite of these important practical considerations, 
however, it appears that the use of the quantity a asa 
figure of merit is of considerable value in the rapid ap- 
praisal of single-pass systems. By means of this factor, 
even if only the S/J ratio at maximum signal is consid- 
ered, one can readily determine whether eddy current 
interference represents a formidable problem or rather 
no difficulty at all in a particular arrangement. 


CONCLUSIONS 


An analysis of the effect of eddy current interference 
on the reproduction of data stored on the surface of a 
magnetic medium has indicated possibilities for opti- 
mizing the design of single-pass data recording systems. 
Curves of signal-to-interference ratio have been given 
for both read-write and write-read single-pass operation. 
It has been seen that it is convenient to introduce a 
dimensionless figure of merit, the quantity a, which is 
the ratio of the time required for a complete data cell 
to pass the reading-writing head to the time constant 
of the dominant term in the eddy current transient. 
The factor a involves the maximum number of pulses 
that may be stored per unit length of magnetic surface, 
the velocity of the surface, and the permeability, con- 
ductivity, and dimensions of the laminations used in 
the reading-writing head. Predictions of signal-to-inter- 
ference ratios as well as optimum sampling instants 
may be made using this figure of merit and the curves 
presented. 
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Simulation to Obtain a Systems Measure of an 
Air Duel Environment’ 


A. A. B. PRITSKER}, R. C. VAN BUSKIRK}, anp J. K. WETHERBEE+ 


Summary—A combined analog-digital simulation of an air battle 
between an attacking bomber aircraft and a ground controlled inter- 
ceptor, including the intermediate human radar operator, has been 
designed for the purpose of evaluating the effects of airborne elec- 
tronic countermeasures upon a ground-based radar operator. 

Both real and nonreal time simulation are used in the experi- 
mental setup. The simulation encompasses as much as possible of 
the system as affected by the operators’ performance in the hope 
that a systems measure could be obtained. It is hypothesized that 
probable success of the bomber is the systems measure of the 
effectiveness of the countermeasures. 


INTRODUCTION 
Bless paper describes the work done on a simula- 


tion study, the purpose of which was to evaluate 

the effects of electronic countermeasures (ECM). 
In this study, a combined analog-digital simulation of 
an air battle between an attacking bomber aircraft and 
a ground-controlled interceptor, including the inter- 
mediate human radar operator, has been devised. This 
simulation is regarded primarily as a tool for investigat- 
ing the methodology and techniques for evaluating the 
effects of ECM. The paper deals mainly with the simu- 
lation aspects of the study. 

Modern air warfare has generated many sophisticated 
electronic systems, such as radar systems for gathering 
information about an enemy. Opposing the electronic 
information-gathering systems are the ECM systems 
which attempt to defeat the former by denying, delay- 
ing, distorting, or falsifying the information. In the 
case of airborne ECM operating against ground-based 
radars, there has been a notable lack of system measures 
to assess and predict the effectiveness of ECM. On the 
other hand, there is no lack of immediate figures of merit 
to evaluate the effects of ECM on radar equipments and 
operator performance. However, these immediate fig- 
ures of merit such as signal-to-noise ratio, blip-to-scan 
ratio, cumulative probability of detection, and detection 
time do not allow for the assessment of the effects of 
ECM on the system beyond the radarscope operator. 
For this study, it has been hypothesized that a better 
systems measure of effectiveness of electronic counter- 
measures is the probability of survival of the bomber. 


SIMULATED SYSTEM 


The system simulated is shown pictorially in Bigs 1, 
A radar antenna picks up the radar return of a bomber 


* Received by the PGEC, November 12, 1958. Work on which 
this paper is based done by Battelle Mem. Inst., Columbus, Ohio, 
under subcontract to General Mills, Inc., Minneapolis, Minn. Prin- 
cipal contract: AF 33(616)-3739. : 

t+ Battelle Memorial Inst., Columbus, Ohio. 


which is generating ECM. The radar information is 
processed and displayed on a radar indicator to a human 
operator. The human operator tracks the bomber by de- 
termining the successive positions and headings of it on 
the radar indicator. Based on this track, the operator de- 
termines a command heading for an interceptor to fly. 
The interceptor follows the directions of the opera- 
tor until its airborne intercept radar has acquired the 
bomber at which time the terminal air duel is con- 
ducted. 


Bomber 


A.L Rador 


Mii, 


Interceptor 


E.C.M. Radar Return 


Radar Indicator 


Fig. 1—Pictorial sketch of system simulated. 


The radar return of the attacking bomber, the ECM 
signals, and the various portions of the radar detection 
process are simulated using the QRC-10(T) ECM Simu- 
lator. These simulated radar signals are used as inputs 
to a radar indicator to provide a PPI display. While 
tracking the target, the operator calls the position and 
heading of the bomber to a keypunch operator who re- 
cords the information on an IBM punched card. The 
true bomber-position information and time are recorded 
on the same IBM punched card. Thus, a set of these 
cards describes completely the target’s true and ob- 
served tracks. 

Up to the keypunching step, the simulation is carried 
out in real time and is entirely analog except for the 
conversion to digital form for storage on the punched 
cards. These punched cards are then used as the input 
to a digital computer. A digital computer program has 
been written to simulate an aircraft controller directing 
an interceptor against the bomber and the final phase 
of the air battle. The probability of bomber survival is 
then computed and used as the system’s measure of 
ECM effectiveness. 
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EXPERIMENT 


To ensure that the results obtained from this simu- 
lated system were reliable, an experimental design was 
constructed. This design, involving 500 trials, consisted 
of 50 different ECM displays presented to 10 different 
subjects (operators). Two displays consisted of the 
target signal only, with no ECM signal present. The re- 
maining 48 displays were created by systematically 
varying the power level and mode of operation of the 
ECM. In this design, the effects due to ECM displays, 
subjects, bomber track, and sequence of presentation 
were experimentally controlled. Bomber courses were 
approximately straight lines with different azimuth 
orientations. The experiment was designed to enable 
analysis of the functional relationships between per- 
formance measures and the errors in the system. 
Throughout the digital programs, immediate and inter- 
mediate measures of effectiveness are computed. The 
immediate measures of effectiveness are defined as those 
measures which can be related directly to the perform- 
ance of the human operator. These measures include 
target-detection time, number of reads made by the 
operator, and the mean and standard deviation of range 
azimuth, and target heading errors. The intermediate 
measures are defined as those measures which are de- 
rived from the operator’s performance after the ob- 
served data have been operated on by a complex trans- 
formation. These measures include the position and 
heading errors at roll-out point (the point at which the 
interceptor begins its final approach), bomber-velocity 
error, and the probability of interceptor success. 


EXPERIMENTAL SETUP 


The principal piece of equipment used in the analog 
portion of the system was the QRC-10(T) ECM Simu- 
lator,! used to generate the ECM signals and the radar 
return of the attacking bomber. In order to conduct the 
experiment, it was necessary to modify and to instru- 
ment this equipment. It should be noted that the QRC- 
10(T) was not designed as a vehicle for this type of ex- 
periment, but was selected as the most expedient choice. 
Units of the QRC-10(T) used in the experiment were 
the basic unit, multi-target generator, and the antenna 
pattern simulator. A block diagram outlining equipment 
interconnections is shown in Fig. 2. The basic unit was 
used to simulate the ECM signals which were fed into 
the antenna pattern simulator. The antenna pattern 
simulator produced amplitude variations of the applied 
ECM signal which simulated the azimuth directivity 
pattern of the radar antenna. The output of the antenna 
pattern simulator was at IF frequencies and was servo- 
driven so that it could follow the target aircraft that 
was transmitting the ECM signal. The program target 
generator produced video signals which simulated the 
bomber radar return. Programming of the bomber’s 

1 L. Sternlicht, “A radar electronic countermeasures simulator,” 


1958 IRE NATIONAL CONVENTION REcoRD, part VIII, Communica- 
tions; Military; Radio-frequency Interference, pp. 94-98. 
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Fig. 2—Block diagram equipment setup. 


course was accomplished by the use of cams which auto- 
matically actuated the range and azimuth control of © 
the bomber. The orientation and shape of the cam deter- 
mine the course of the simulated bomber. These signals 
were mixed with the ECM signals after the latter had 
been fed through an IF strip. This mixed video signal 
was displayed on the radarscope indicator. The program 
target generator was instrumented so that target azi- 
muth and range could be automatically digitized. Range 
data were obtained from a time interval meter con- 
nected to a phantastron circuit which initiated the 
range gate for the target generator of the QRC-10. A 
converter was used to convert the binary output of the 
time interval meter to the decimal form suitable for in- 
put for an IBM 526 key punch. Azimuth data were ob- 
tained by attaching a Coleman digitizer shaft encoder to 
a shaft common to the rotor of the control transformer 
which initiated the azimuth gate for the target gener- 
ator. Time information was generated from a synchro- 
nous motor driving a Veeder root mechanically actuated 
read-out counter. The radar operator views the display 
on the radarscope indicator and determines the position 
and heading of the simulated bomber. The operator re- 
lates this information to a keypunch operator who upon 
receipt of the signal initiates a switch which causes the 
QRC-10 to be interrogated and the information to be 
automatically punched on a punched card. On the 
same card is punched the information called out by the 
radar operator. Fig. 3 illustrates a sample ECM display 
obtained from the simulated system. A picture of the 
equipment used in the experiment is shown in Fig. 4. 

A booth was designed to house the radar indicator 
and operator in order to simulate AC and W site condi- 
tions. The booth was soundproofed and incorporated a 
broadband blue lighting system. 


OPERATOR PERFORMANCE AND TASK 


During an experiment, it was the operator’s task first 
to detect the target and then determine its range, azi- 
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muth, and heading. Detection time was defined as the 
time required for the operator to establish a track, 1.e., 
to obtain two target points. As an aid in tracking, the 
operator used a grease pencil to mark each target point. 
In an effort to standardize the operator’s task, call-outs 
were limited to an arbitrary maximum. The operator 
was instructed to call out as soon as possible following 
the sounding of a buzzer which was sounded 30 seconds 
after the recording of the last observed data. Communi- 
cation between radarscope operator and keypunch 
operator was made by means of a two-way communica- 
tion system which was monitored in order to reduce 
transmission errors and to verify the keypunching. At 
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each reading, the keypunch operator would have the 
time of reading and true target data automatically read 
on the punched card before transcribing the radar oper- 
ator’s call-out observed data. The experiment was con- 
ducted for 22 minutes, which was defined as the maxi- 
mum allowable bomber-penetration time. All indicator 
controls were preset and adjustment of controls by the 
operator was prohibited. The data collected during the 
experiment was then used as the input to the digital 
simulation. 


DIGITAL SIMULATION 


A digital computer program was written to solve the 
equations of a mathematical model of an air duel be- 
tween one bomber and one interceptor. The model 
covered the time period from interceptor takeoff to in- 
terceptor armament release. Because of the drum stor- 
age limitations of the IBM 650 (the digital computer 
used in this program), it was necessary to divide the 
program into two parts: 1) the vectoring of the inter- 
ceptor against the observed bomber track, and 2) the 
terminal air battle between the interceptor and bomber. 
These parts were overlapped by storing the outputs of 
the vectoring phase on magnetic tape and using them 
as inputs to the terminal air-battle phase. The vectoring 
model was used to obtain the flight path of an inter- 
ceptor that would have been directed against a bomber’s 
path as seen by the experimental operator. 

It was assumed that the errors involved in vectoring 
an interceptor were independent of the ECM used 
against the scope operator. This assumption implied 
that the intercept controller had fixed decision-making 
processes when vectoring the interceptor, irrespective 
of the countermeasures used. Thus, the vectoring model 
was viewed as a complex transfer function to provide 
an interceptor path, given a bomber path. 

The interceptor path which the computer solved was 
based on the real-time, observed bomber data stored on 
punched cards. At a given point in time, the computer 
prescribed a path for the interceptor based on the data 
available up to that time. The interceptor’s path was 
revised and recomputed, either as new data were pre- 
sented or when a specified time period had elapsed. The 
interceptor path as determined by the computer had to 
conform to certain preset criteria. The criteria used in 
this experiment were satisfied when the interceptor had 
flown an initial approach leg, made a turn consistent 
with its aerodynamic limitations, and turned into a 
final closing straight leg at target altitude and at inter- 
ceptor speed. The tactic of the interceptor was com- 
pletely described by specifying the final leg distance 
and the angle between bomber and interceptor tracks 
during the final leg. The geometry of the situation and 
paths of the aircraft are shown in Fig. 5. The computa- 
tions necessary to derive the interceptor’s path included: 
1) the interceptor’s climb to bomber altitude, 2) the 
length of the approach leg, 3) the length of the arc dur- 
ing its turning phase, 4) the length of the final leg, and 
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5) the armament travel distance. A command heading 
for the interceptor was derived by equating the time for 
the interceptor to fly these five portions of its path to 
the time required for the bomber to fly an extrapolated 
straight-line course. It was simple enough to set up 
equations relating these times and distances which de- 
termined the geometry of the problem, but it was diffi- 
cult to solve these equations directly for a specific solu- 
tion. For this reason, solutions were obtained by an 
iterative procedure. 


B 


Bomber position 
Interceptor position 
Collision point 


DBO-D 


Desired final angle 
between tracks 


F Interceptor displacement 
at impact 

D Final leg distance 
Angle of turn 


th 

M_ Distance interceptor flies 
at bomber altitude 
before turn 


K Projected ground distance 
during climb 


Fig. 5—Vectoring geometry. 


This iterative procedure involved varying the time to 
collision which specified the collision point, C, since the 
bomber position and heading were known. An equation 
of distances along the interceptor path was set up for 
the estimated collision point. A second equation was 
then computed to determine the distance the inter- 
ceptor could travel in the estimated time to collision 
with allowances for time to climb and time for arma- 
ment travel. These two distances were then equated and 
the algebraic difference determined. Time was then 
varied by a combination of linear approximations and 
averaging techniques until the difference of the two dis- 
tances was less than 1/10 of a nautical mile. 

In the above computations, previous interceptor 
heading was not taken into account, but the inter- 
ceptor’s aerodynamic limitations in achieving the new 
command heading were considered. For this reason, it 
was necessary, in some instances, to recompute vector- 
ing solutions at shorter time intervals in order to ensure 
that correct vectoring was being accomplished. New 
command headings of less than 5° from previous head- 
ings were not compensated, so that minor oscillations 
in the interceptor’s path were nullified, z.e., a 10° dead 
band in heading existed. If a vectoring solution could 
not be obtained to meet the preset criteria, the inter- 
ceptor was directed on a collision-type course. 

A collision-type course was also used when the inter- 
ceptor completed its approach leg. In a collision solu- 
tion, the interceptor was vectored to a point which led 
the target bya distance such that the armament impact 
occurred at that point. By using a collision solution at 
the beginning of the turn phase, the interceptor com- 
mand heading changed radically. However, when the 


March 


interceptor attempted to achieve the new command 
heading, it was actually flying the specified turn, pro- 
viding it turned in accordance with a prescribed load 
factor. As the turn progressed, new command headings 
were computed. When the interceptor heading was the 
same as the command heading, the turn phase had been 
completed and the interceptor began its final leg. Dur- 
ing the final leg, the interceptor was continually vec- 
tored and revectored on the basis of the observed data. 
A complete description of the final leg was stored on 
magnetic tape and was used as the input to the second 
part of the digital program. Fig. 6 is a point-by-point 
plot of the time history of a vectoring solution. 


Nautical Miles 


Fighter path 


Nautical Miles 


Fig. 6—Time display of vectoring solution. 


The interceptor base was always located in the same 
position with respect to the true bomber track to elim- 
inate the effects of initial interceptor position on prob- 
ability of survival scores between experimental trials. 
However, as detection time increased, the bomber ap- 
proached the interceptor base, causing probability of 
survival to be a function of detection time. After detec- 
tion, the interceptor flew a course in which the heading 
vector was parallel and opposite to the bomber’s head- 
ing vector. The interceptor was also prohibited from 
turning until it had reached a specified altitude. During 
the interceptor’s climb period, its ground speed and rate 
of climb were obtained from a table stored in the com- 
puter, defining the interceptor’s mission profile. The 
interceptor had to achieve bomber altitude before com- 
pleting its initial approach phase. Bomber altitude was 
not varied in this experiment. 
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_ The second part of the program simulated the ter- 
minal air battle and was initiated at the beginning of the 
final leg. The first operation of the interceptor during 
this phase was to initiate airborne intercept (AI) radar 
search. This was accomplished in the computer by de- 
termining whether the bomber was within detection 
range and azimuth scan limitations of the interceptor’s 
radar. If these two conditions were satisfied, a prob- 
ability of AI detection was computed as a function of 
the range between interceptor and bomber, the aspect 
angle between the interceptor and bomber, the AI 
radar system parameters, the radar echo area of the 
bomber, and the visibility factor. Since probability of 
AI detection was a function of time, it was computed 
for each radar scan period until detection occurred. De- 
tection occurred if the computed probability of detec- 
tion was greater than a number drawn from a uniform 
distribution. The uniform distribution was composed of 
pseudo-random numbers generated by a multiplicative 
congruence scheme suggested by Lehmer.? In this 
scheme, the 7+1 random number was generated by 


Ussa = 23U; mod (108 + 1). (1) 


If the range, scan angle, or detection criteria were not 
satisfied, the interceptor and bomber were flown for the 
next scan period. The interceptor was flown in accord- 
ance with the simulated operator’s commands and the 
bomber was flown with respect to the recorded data 
from the QRC-10(T). If detection did not occur within 
the 22-minute time limit, an unsuccessful intercept was 
considered to have occurred. 

After detection had occurred as described above, a 
lock-on phase was initiated. The interceptor and bomber 
were flown until the range between the bomber and in- 
terceptor was less than the maximum lock-on range. 
The time to achieve lock-on was then computed by 
drawing a number from a log-normal distribution char- 
acterized by the 40 and 90 per cent fractiles. The bomber 
and interceptor were then flown for this lock-on time. 

The third phase of the terminal air duel was that of 
conversion, 7.e., redirection of the interceptor by its 
fire-control system, after AI radar acquisition of the 
bomber, to a position from which the interceptor’s 
weapon could be fired. Conversion was accomplished in 
the program by solving the fire-control equations and 
determining if the interceptor’s heading was within the 
heading prescribed by the fire-control system. If it was 
not within the prescribed limits, the interceptor was 


2 —D. H. Lehmer, “Mathematical methods in large-scale computing 
units,” Proc. Second Symp. on Large-Scale Digital Calculating Ma- 
chinery, Harvard University, Cambridge, Mass., pp. 141-146; 1951. 


Van Buskirk and Wetherbee: Simulation of an Air Duel Environment 59 


flown with a change of heading to reduce this error. This 
process was continued until either an unsuccessful inter- 
cept occurred or a collision-type course was obtained. 

When the entire process outlined above was com- 
pleted without occurrence of an unsuccessful intercept, 
the interceptor was flown to its point of armament 
launch. At this time, the aspect angle relative to the 
bomber’s path was calculated, and an interceptor suc- 
cess was recorded as a function of this angle. The simu- 
lated terminal air duel as described above was repeated 
N times for each of the 500 trials, since it was a sto- 
chastic process producing different results which were 
dependent on the random numbers generated. A sequen- 
tial analysis of the probability of detection-conversion 
was corporated into the program so that the number 
of times the trial was repeated was a function of the 
probability of detection-conversion. After the iterations 
were completed, a probability of bomber survival was 
computed by (2). 


18 


D, NP 
il 


en ee ieee (2) 


where 


P,=probability of survival of the bomber 
N;=number of interceptor successes in the jth bin, 
WEIS): oa 4 1% 
P,=kill probability of the interceptor armament as a 
function of aspect angle 
N =total number of iterations. 


These probabilities of bomber survival scores were then 
used to evaluate the effectiveness of the simulated 
ECM patterns. 


CONCLUSIONS 


This study was primarily concerned with the method- 
ology involved in assessing ECM. Simulation was re- 
garded as a tool by which hypothesized measures could 
be tested and evaluated and upon which future research 
could be based. The results of the study will be in the 
form of the relationships and interactions existing 
among the parameters of the system simulated. 
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1958 PGEC Membership Survey Report" 


K. W. UNCAPHERt 


Chairman Ad Hoc Committee 


Summary—lIn order to sense the Professional Group on Elec- 
tronic Computers’ current position in the computing industry and in 
order for each member to assess his position within the Group, a 
second membership survey was completed in the Fall of 1958. 

The results of this survey are reported herein. Tabular data, bar 
graphs and salary curves are included to aid in assessment of the 
Group and an individual’s position in the industry, particularly with 
respect to education, experience, field of endeavor, salary and 
geographical location. 


the membership has been updated. Accordingly, 

the PGEC Administrative Committee approved 
running a second membership survey in the Fall of 
1958. 

In October, 6900 survey forms were mailed to the 
membership (excluding student and affiliate members). 
By the closing date (November 15, 1958) for returning 
the survey forms, 3214 had been received by Price- 
Waterhouse and Company. The forms were then for- 
warded to The RAND Corporation for data reduction. 

In order to measure the group’s growth relative to the 
data gathered in the 1956 survey, similar questions were 
asked on the 1958 questionnaire. Additional questions 
were added so that more subjective data could be made 
available to the membership. For example, information 
regarding nature of work, level of supervision, and sala- 
ries was treated in more detail in the 1958 survey. Such 
information permits each member to measure more ef- 
fectively his growth, salary, educational background 
and area of endeavor relative to the entire membership. 
Furthermore, the information is helpful to the PGEC 
Administrative Committee in handling membership 
needs more effectively. 

A gross look at the data revealed some interesting 
facts regarding response to some of the questions. For 
example, often multiple checks to questions were pres- 
ent where single answers were expected. Therefore tallies 
of responses to questions may not be equal. Multiple 
answers were used in data reduction. Information from 
bar graphs representing the response to the questions 
seemed to indicate that 10 to 15 meaningful plots could 
be prepared for presentation in the TRANSACTIONS. 
Many other plots are perhaps of interest and can be 
included in future issues of the TRANSACTIONS if re- 
quests are made to the author. 

It is suggested that the March, 1957 issue of TRANS- 
ACTIONS be consulted for comparison of information. 


| YWO years have passed since information regarding 


_ * Manuscript received by the PGEC, January 17, 1959. Addi- 
tional copies of this article are available from IRE Headquarters, 1 
East 79th St., New York 21, N. Y., at $0.75 per copy. 

t RAND Corp., Santa Monica, Calif, 


The 1958 membership survey form is reproduced herein 
for reference. 

To be consistent within the industry and to permit 
correlation with the 1956 PGEC survey, the plots are 
limited to the traditional Annual salary vs. years since 
B.S. variety. Sample sizes are stated for each increment 
on the abscissa and for each curve. Raw data were 
initially plotted for each curve to determine the rough- 
ness of the resulting curves. The curves to 10 years since 
B.S. were extremely smooth in most cases. Data past 
10 years since B.S. on each curve were very rough with 
points scattered throughout the salary spectrum. This 
may be attributed to the fact that few people were 
actively engaged in the computer field more than 10 
years ago. Since information past 10 years since B.S. 
was difficult to interpret, all data were smoothed using 
an exponential curve fitted by the least squares method. 
The exponential curve used was y=a-+be. Each per- 
centile point was weighted by the number of raw data 
points it represented; thus, small sample sizes had less 
influence on the curve’s characteristic. Some points in 
the 20 to 30 years since B.S. region were not plotted 
since the data were so rough the routine could not 
smooth them. 

Response to the survey questions is presented in bar 
graph form. A somewhat detailed statement of each 
item on the questionnaire with notes regarding accom- 
panying bar graphs and plots follows: 

Question 1) Is your job concerned with digital or ana- 
log computers? (See Fig. 1.) The number of “No an- 
swers” to this question seems to imply the question 
could have been stated more clearly. 

Question 2) Company’s major effort in the computer 
field. (See Fig. 2.) 

Question 3) Nature of member’s work. Since Engineer- 
ing and Research categories of Question 3 represent a 
significant part of the membership, several plots are in- 
cluded. (See Fig. 3 and Figs. 11-13. See Fig. 14. Curves 
of non-supervisory members engaged in engineering 
work for highest degree. See Fig. 15. Curves of super- 
visory members engaged in engineering work for highest 
degree. ) 

Question 4) Phase of computer work. (See Fig. 4.) 

Question 5) Supervisory employee or non-supervisory 
employee. The replies to the question were as follows: 


No. of people supervised No. of supervisors 


1- 10 764 
11— 40 324 
41-100 108 
Over 100 71 


Number of members not serving in a supervisory capacity = 1947. 
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Fig. 9—Size of company (number of employees). 
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Fig. 5—Educational background. Fig. 10—Geographical location (by time zone). 
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Fig. 12—Nonsupervisory engineering and research members ; 
(50th percentile). Fig. 14—Nonsupervisory engineering members (50th percentile). 
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Fig. 16—Salaries. Nonsupervisory members (10, 25, 50, 
75, 90, 95 percentiles). 
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Fig. 18—1958 salaries. All members (10, 25, 50, 
75, 90, 95 percentiles). 
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Fig. 20—Salaries by academic degree. All members 
(50 and 90 percentiles). 
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Fig. 22—Salaries of members with mathematics degrees 
(50th percentile), 
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Fig. 25—Salaries by time zone. All members (50th percentile), 
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7) Please check 1956 salary level, including bonuses and commis- 
sions, but NOT overtime. 


1958 PGEC MEMBERSHIP SURVEY 


Please complete this form and return to Price-Waterhouse & Co., 
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1959 


.(See Figs. 16 and 17.) The sample sizes stated on these 
figures differ from those stated above since some mem- 
bers did not answer all relevant questions. 

Question 6) 1958 salaries. (See Fig. 18.) 

Question 7) 1956 salaries reported in the 1958 survey. 
(See Fig. 19.) Years since B.S. represents experience at- 
tained by 1956. 

Question 8) Age of member, 


Age Group No. of Members 
20-24 150 
25-29 714 
30-34 1076 
35-39 666 
40-44 293 
45-49 120 
50-54 68 
55-59 20 
60-70 20 
70 and over 3 


Question 9) Educational background. Only the highest 
degree obtained by a member in any one of the three 
major categories (Engineering, Mathematics and Phys- 
ics) was used. (See Fig. 5 and Figs. 20-24.) 
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Question 10) Number of years of professional expe- 
rience since B.S. (or equivalent). 

Question 11) Professional society memberships. (See 
Fig. 6.) 

Question 12) Employer’s category. (See Fig. 7.) 

Question 13) Number of computer professionals in 
your company. (See Fig. 8.) 

Question 14) Size of company (number of employees). 
(See Fig. 9.) 

Question 15) Approximate geographic location (by 
Time Zone). (See Figs. 10 and 25.) 


ACKNOWLEDGMENT 


The author acknowledges the kind assistance given 
by many in the data handling and art work phases of 
the survey, in particular, Mort Bernstein, Nelson Lucas, 
and Paul Martin of The RAND Corporation, and Mar- 
tin Berman of System Development Corporation. 
Again, the PGEC is indebted to The RAND Corpora- 
tion for JOHNNIAC and 704 machine time, and the 
manpower required to tabulate the survey results. 


68 IRE TRANSACTIONS ON ELECTRONIC COMPUTERS 


Correspondence 


An Analog Method for Constructing 
a Curve 


A standard problem in advanced ana- 
lytic geometry is the construction of a curve, 
given its curvature as a function of arc 
length. In this letter, a method of solving 
this problem on an analog computer is pre- 
sented. 

By definition, the curvature of a curve 
is the rate of change of slope angle, 6, with 
respect to arc length, S. 


K = d°/ds. (1) 
This leads to 


Mees it Koes (2) 


provided the integration starts at s=0. Sup- 
pose a Cartesian system of coordinates is 
erected, such that the curve may be ex- 
pressed as y=y(x). The slope angle is deter- 
mined by the relation 


dy/dx = tan @. (3) 


Now, it is equally valid to represent the 
curve parametrically, say 


y = (5). 


The parameter s is not necessarily arc length, 
but for the present purpose this choice is 
convenient. In terms of s, (3) may be written 


x = x(s), 


dy/ds sin 0 
= tan@ = ——; 
dx/ds cos 6 
which may be separated into 
dy/ds = sin 0 
= sin [ % + {i K(as | (4a) 
0 
dx/ds = cos 6 


cos [ % + fx (ds | . (4b) 


These may be integrated to yield y and x 
as functions of s. On an electronic analog 
computer s becomes time. If the x and y 
voltages are fed into the input terminals of 
an x-y recorder, the curve will be traced, 
with time as the parameter. It is necessary, 
of course, to generate K(s) by any con- 
venient means. 

The use of (4a) and (4b) require that a 
sine-cosine nonlinear circuit, such as a po- 
tentiometer, be used to obtain sin @ and cos 
6. This may be very inconvenient, or indeed 
impossible if 9 varies over two large a range. 
Let us consider an alternative approach: 


d’x/ds* = — sin 6d0/ds. or 
d*x/ds* = — Kdy/ds. (5a) 
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X-axis 


Multiplying Cup 


y-axis 


Multiplying Cup 


Fig. 1—Analog computer program. 


B/Ko*1.000 


Start 


B/Ko* 0.050 


Start 


US ReSs B/K = 0.150 


Start 


Start 


K=Ko tanh Bs 


Fig. 2. 


Similarly, 
d*y/ds? = + Kdx/ds. (5b) 


The pair of equations (5a) and (5b) are 
readily solved by the analog program shown 
in Fig, 1. 

Obvious variations of this program are 
possible if K is always positive or always 
negative, 

The above program completely avoids 
the necessity for a sine-cosine potentiometer; 
it is necessary only that K be bounded, as 


contrasted with intergation of (4a) and (4b) 

which require that /$K(s) ds be bounded. 

An example of the use of this program is 

given in Fig. 2. The curvature K is given 
by K=Kpo tanh Bs. 

Curves are shown for several values of 

B/Ko. 

WILLIAM E, WATERS 

Electronics Research Lab. 

Stanford Univ., Stanford, Calif. 

On leave from 

Diamond Ordnance Fuze Lab. 

Washington, D. C, 
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Committee. Local support of an editorial and organizational nature was provided by F. E. Heart, P. R. Bagley, and 
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A-1: EQUIPMENT—THEORETICAL 
DESIGN 


1 


A Computer Oriented Toward Spatial Prob- 
lems, by S. H. Unger (Bell Telephone Labs.), 
Proc. IRE, vol. 46, pp. 1744-1750; October, 
1958. A stored program computer which can 
handle spatial problems by operating di- 
rectly on information in planar form without 
scanning or using other techniques for trans- 
forming the problem into some other domain 
is described. The order structure of this ma- 
chine is explained and illustrated by a few 
simple programs. An estimate of the size of 
the computer (based on one possible design) 
is given. Programs that enable the machine 
to recognize alphabetic characters inde- 
pendent of position, proportion, and size 
have been written. 


2 


Micro-Programming, by R. J. Mercer (Uni- 
versity of Calif.), U. S. Gov. Res. Repts., vol. 
30, pp. 71-72(A); August 15, 1958, PB 
126893. The micro-programming technique 
of designing the control circuits of an elec- 
tronic digital computer to formally interpret 
and execute a given set of machine operations 
as an equivalent set of sequences of elemen- 
tary operations that can be executed in one 
pulse time is described. 


3 


The Role of Large Memories in Scientific 
Communications, by M. M. Astrahan (IBM 
Corp) eu BV paReS CD eo a VOlme ae p ps 
310-313; October, 1958. The role of large 
memories in scientific communications is 
discussed. Large memories provide auto- 
matic reference to millions of words of ma- 
chine-readable coded information or to mil- 
lions of images of document pages. Higher 
densities of storage will make possible low- 
cost memories of billions of words with ac- 
cess to any part in a few seconds or complete 
searches in minutes. These memories will 
serve as indexes to the deluge of technical 
literature when the problems of input and 
of the automatic generation of classification 
information are solved. Document files will 
make the indexed literature rapidly avail- 
able to the searcher. Machine translation of 
language and recognition of spoken informa- 
tion are two other areas which will require 
fast, large memories. 


4 


A New Class of Digital Division Methods, 
by J. E. Robertson (University of IIl.), 
IRE TRANS. ON ELECTRONIC COMPUTERS, 
vol. EC-7, pp. 218-222; September, 1958. 
A class of division methods best suited for 
use in digital computers with facilities for 
floating point arithmetic is described. These 
methods may be contrasted with conven- 
tional division procedures by considering 
the nature of each quotient digit as generated 
during the division process. In restoring divi- 
sion, each quotient digit has one of the 
values Of ie 7—1 for an arbitrary in= 
teger radix 7. In nonrestoring division, each 
quotient digit has one of the values —(r—1), 
see, —1, +1,---, +(r—1). For the divi- 
sion methods described, each quotient digit 
has one of the values —n, —(n—1),+++, 
—1,0,1,-++,—1, m where n is an integer 


such that 4(r—1)<n<r—1. A method for 
serial conversion of the quotient digits to 
conventional (restoring) form and examples 
of the new division procedures for radix 4 
and radix 10 are given. 


5 


Analysis of Shift Register Counters, by 
F. H. Young (Montana State University), 
J. Assoc. Computing Mach., vol. 5, pp. 385- 
388; October, 1958. An algebraic approach 
for determining what cycle lengths are pos- 
sible with any given number of flip-flops in 
a shift register counter is presented. The 
general problem is not solved but several 
relevant theorems are derived. 


6 


Generalized Parity Checking, by H. L. Gar- 
ner (University of Mich.), IRE TRANS. ON 
ELECTRONIC CompuTERS, vol. EC-7, pp. 
207-213; September, 1958. The usual defi- 
nition for the parity check is not particu- 
larly suited for analyzing the arithmetic 
properties of parity checking. However, the 
definition of parity by means of congru- 
ences provides a convenient mathemati- 
cal basis for the concepts of the parity 
check. In this paper, congruence notation 
is used to generalize the concepts of parity 
to include nonbase two number systems. 
Consideration is given to the cases where the 
check base is equal to the number base and 
where it is not equal to the number base. 
The arithmetic properties of each case are 
considered by means of congruences. 


A-2: EQUIPMENT—COMPONENTS 
AND CIRCUITS 


Uf 


An Improved Technique for Fast Multiplica- 
tion on Serial Digital Computers, by M. 
Shimshoni (Weizmann Inst. Sci., Israel), 
Electronic Engrg., vol. 30, pp. 504-505; Au- 
gust, 1958. A technique for performing fast 
multiplication on serial digital computers 
without using parallel multiplier circuits is 
described. In applying this technique, one 
considers only the significant digits of the 
multiplier, thereby reducing the number of 
steps required for multiplication. The posi- 
tion of the binary point in the product of 
such a multiplication is considered and 
formulas for finding this position are given. 
This technique has been used in calculating 
crystal structure factors and is applicable 
to matrix calculations. 


8 


Short-Cut Multiplication and Division in 
Automatic Binary Digital Computers, by 
M. Lehman (London University), Proc. 
IEE, vol. 105, pt. B, pp. 496-504; Septem- 
ber 1958. The application of analogs of well- 
known decimal short-cut multiplication and 
division methods to the control of such op- 
erations in automatic binary digital com- 
puters is considered. The simple binary 
short-cut process is shown to lead, on the 
average, to a slowing down of multiplication 
and a new process, the modified-short-cut 
process, is developed. The process is defined 
in terms of symbolic equations and is shown 
to reduce the average number of additions 
or subtractions required during a multiplica- 
tion by more than 17 per cent to m/3 (for 
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an m-bit number), the maximum number 
by nearly 50 per cent to (m+2)/2 and the 
average number of shifts by 30 per cent. The 
properties of the process are discussed and 
the average multiplication times of several 
systems are considered in detail. It is shown 
that short-cut procedures can be easily and 
cheaply incorporated in machines which use 
either restoring or non-restoring division 
techniques. 


9 


Operation and Specification of Transistors 
for Direct-Coupled Logic Circuits, by D. P. 
Masher (U. S. Signal Corps Eng. Labs.), 
U, S. Gov. Res. Repts., vol. 30, p. 219 (A); 
October 17, 1958, PB133052. Reliable di- 
rect-coupled transistor circuits for use in 
computers are discussed. 


10 


Accurate Transistorized Multiplier-Divider, 
by R. W. Hoedemaker (Mass. Inst. Tech.), 
U. S. Gov. Res. Repts., vol. 30, p. 231 (A); 
October 17, 1958, PB133363. A transistor- 
ized analog device that can simultaneously 
perform the mathematical operations of mul- 
tiplication and division is described. It was 
developed because of the need for a simple, 
accurate, and reliable electronic means for 
precisely controlling the loop gain of a 
rectangular-to-polar coordinate transforma- 
tion servo. 


it 


A Full Binary Adder Employing Two Nega- 
tive-Resistance Diodes, by J. W. Horton 
and A. G. Anderson (IBM Corp.), JBM J. 
Res. & Dev., vol. 2, pp. 223-231; July, 1958. 
It is shown that full binary pulse addition 
may be performed using only two negative- 
resistance diodes. Amplified Sum and Carry 
outputs which are virtually in coincidence 
with the input signals can be provided. A 
full adder employing Reeves-Cooke positive- 
gap diodes which can be switched with 
pulses of 20-musec duration is described and 
its operation is analyzed graphically. 


12 


Digital Computer Adding and Complement- 
ing Circuits, by C. D. Florida (Defence Res. 
Board, Can.), Electronic Engrg., vol. 30, pp. 
429-435; July, 1958. The design of tran- 
sistor-operated adding and complementing 
circuits is discussed. Particular emphasis is 
placed on de coupled circuits suitable for use 
with double-gate shifting registers. Exam- 
ples of circuits are given and illustrated by 
photographs of waveforms at a digit spacing 
of 5 usec. 


13 


Half-Adders Drive Simultaneous Compu- 
ter, by F. B. Maynard (Motorola, Inc.), 
Electronics, vol. 42, pp. 80-82; July 18, 1958. 
A combination of transistorized half- and 
full-adders, emitter followers, output ampli- 
fiers, and multiplier gates which provides 
simultaneous binary addition of digital in- 
puts is described. The use of matrix-type 
switching gives high-speed full-adder opera- 
tion at low voltage and power levels with 
only seven active logic elements. The input 
data is introduced by toggle switches and the 
output is displayed by pilot lamps. 
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14 


The Switching Characteristics of 4-79 Per- 
malloy Cores with Different Anneals, by 
_T. D. Rossing (St. Olaf College), and W. M. 
Overn and V. J. Korkowski (Remington 
Rand Univac), IRE Trans. on ELECTRONIC 
Computers, vol. EC-7, pp. 228-231; Sep- 
temper, 1958. The magnetic properties of 
4-79 Permalloy cores which have been an- 
nealed at different temperatures are dis- 
cussed. Cores annealed at relatively low 
temperatures are characterized by high co- 
ercivity, slower switching, insensitivity to 
strain, magnetization difficult to rotate, and 
insensitivity to an applied transverse field. 
Some cores exhibit a preference for one rem- 
anent state over the opposite state. 


15 


Electroluminescence From Barium Titan- 
‘ate) NBS Tech. News Bull., vol. 42, pp. 206— 
207; October, 1958. Studies carried out on 
barium titanate surface layers in order to 
produce memory units which do not “forget” 
are discussed. An insight into the nature of 
the unusual surface layers has been obtained 
by studying the low intensity light which is 
emitted when an RF voltage is applied to 
the barium titanate sample. 


16 


Control Apparatus for a Serial Drum Mem- 
ory, by D. S. Kamat (Indian Stat. Inst., 
Calcutta), Electronic Engrg., vol. 30, pp. 634- 
639; November, 1958. A control apparatus 
that has been developed and used success- 
fully to obtain design data for a faster track 
switching device for a serial magnetic drum 
memory is described. The apparatus gen- 
erates coded information consisting of a 32 
bit word, routes this information to a given 
~ location on a memory track or extracts in- 
formation from a location and stores it in a 
register, and generates fast switching im- 
pulses used both in the selection of a re- 
quired track and in performing either of the 
record-reproduce functions. Circuit and per- 
formance details of the gates, triggers, 
switches, and other components are given. 
The apparatus can also be used to study 
other computer functions. 


17 


The Function Generator as a Basic Tool for 
Non-Linear Control Systems, by G. A. 
Bekey (Beckman Instruments), Automatic 
Control, vol. 9, pp. 42-46; August, 1958. 
Following a description of the diode function 
generator, several computer and process con- 
trol system applications for it are discussed. 
It can be used to generate analytic functions, 
perform several mathematical operations, 
and introduce nonlinear experimental data 
into an analog computer. In control sys- 
tems, it can be used to provide variable set- 

point programming, to linearize the charac- 
teristics of transducers, and to compensate 
for the nonlinear characteristics of control 
valves or actuators. 


18 


An Accurate Analog Frequency Measuring 
Circuit, by J. Mitchell (Link Aviation, Inc.), 
Electrical Engrg., vol. 77, pp. 912-914; Octo- 
ber, 1958. An instrument for use with an 
electromechanical analog computer which 


will automatically convert frequencies of 2 to 
20 ke into shaft position with an accuracy of 
+0.1 per cent over a temperature range of 
—5S5°C to +55°C is described. Methods of 
compensating for the imperfections of di- 
odes as switches which make possible a high 
degree of linearity and stability are shown. 


19 


Resistance Potentiometers as Function 
Generators, by R. W. Williams (English 
Electric Co. Ltd.) and H. Marchant (Fer- 
ranti Ltd.), Electronic Engrg., vol. 30, pp. 
579-585; October, 1958. The generation of 
functions of a single variable in analog 
computers by means of resistance potenti- 
ometers is reviewed. Three main design ap- 
proaches are described: 1) graded potenti- 
ometers, in which the resistance card is 
given a profile so that the output voltage 
varies with the slider position in the desired 
manner, 2) linear potentiometers used in 
special circuits, and 3) potentiometers with 
multiple tappings which are connected to ex- 
ternal shunt resistances or voltage sources. 
Detailed examples of each technique are 
given. 


20 


Differentiator for A-C Computers, by 
W. Johnson (Mass. Inst. Tech.), U. S. Gov. 
Res. Repts., vol. 30, p. 233 (A); October 17, 
1958, PB133362. An electronic circuit which 
differentiates, with respect to time, the in- 
formation represented by the amplitude 
modulation of an ac carrier wave is de- 
scribed. Basically the circuit is a modifica- 
tion of a well known de differentiator circuit 
which utilizes a Miller integrator in a feed- 
back loop, achieving differentiation by the 
implicit function technique. The design in- 
corporates a magnetic demodulator so that 
the circuit can be used in an ac computing 
system. 


21 


An Error-Correcting Encoder and Decoder 
of High Efficiency, by J. H. Green, Jr. and 
R. L. San Soucis (Sylvania Electronic Sys- 
tems), Proc. IRE, vol. 46, pp. 1741-1744; 
October, 1958. The applicability of regen- 
erative shift register sequences to error- 
correcting codes is discussed. It is shown that 
a triple-error-correcting code of high ef- 
ficiency can be formed by using the 15 cyclic 
permutations of a 15-bit, maximal-length, 
shift register sequence, a 15-bit zero se- 
quence, and the 1-0 complements of the 16 
sequences. It is further shown that the in- 
terrelationships between the bits of these 
binary sequences can be used to design a 
decoder of extreme simplicity. 


22 


Latching Counters, Part I, by W. P. Ander- 
son (Admiralty Compass Observatory) and 
N. A. Godel (Admiralty Signal and Radar 
Est.), Electronic and Radio Engr., vol. 35, 
pp. 362-367; October, 1958; pp. 425-436; 
November 1958. A new type of scaling circuit 
which incorporates double-pulse or “latch- 
ing” counter stages is described. Each stage 
consists of two interconnected “disconnect- 
ing registers” and has four output terminals, 
each with a different waveform. Both vacu- 
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um tube and transistor versions are shown. 
The multi-phase output feature of the cir- 
cuit was found to be of considerable advan- 
tage in the elimination of spurious pulses, 
which were a source of trouble in the forma- 
tion of gates and were produced when mutu- 
ally-opposing transitions occurred in the 
controlling waveforms. These counters are 
inherently more complex than the Eccles- 
Jordan type but they provide increased reli- 
ability and an independence of rise time, 
being capable of operating at any frequency 
from de to 500 ke. 


23 


Miniature Delay Lines for Millimicrosecond 
Pulses, by R. Gerharz (U. S. Weather 
Bureau), Electronic and Radio Engr., vol. 35, 
pp. 371-373; October, 1958. Wire-wound 
delay lines used as frequency-determining 
elements for recycling UHF pulse generators 
are described. Characteristic features of the 
delays are the enclosure of a thin wire by 
metallic foils and their arrangement as a coil 
to save weight and space. Measurements on 
the devices led to the necessity of making 
the physical properties of the lines similar 
to those of coaxial cables, rather than using 
lumped inductive and capacitive elements, 
in order to keep the line losses tolerable. 


24 


Some Novel Circuits Employing Cold- 
Cathode Tubes (PART 1), by R. S. Sidoro- 
wica (Hivac Ltd.), Electronic Engrg., vol. 30, 
pp. 624-629; November, 1958. A number of 
circuits based on a subminiature cold-cath- 
ode diode and a miniature and a subminia- 
ture cold-cathode triode are described. The 
diode is used to stabilize the anode break- 
down voltage of the triodes. This technique 
leads to the development of a stable relaxa- 
tion oscillator, a voltage discriminator or a 
delay circuit, and two monostable circuits. 
Other circuits in which a triode of higher 
current rating is used to control a triode of 
lower current rating are also described. 
These include a staircase waveform genera- 
tor, a rectangular pulse generator, and three 
decade counters. 


25 


A New Transistor-Magnetic Core Bi-Logi- 
cal Computer Element, by W. J. Dunnet and 
A. G. Lemack (Sylvania Electric Products, 
Inc.), Automatic Control, vol. 9, pp. 32-39; 
September, 1958. Several applications of a 
transistor-magnetic core circuit which can 
perform logical, coding, and shifting func- 
tions are discussed. The circuit permits both 
the core and the transistor to share in the 
performance of the logical function. As a re- 
sult of the simplicity and the logic sharing 
feature of the circuit, sequential-type com- 
puter systems with circuit speeds of up to 
one megacycle are possible. 


26 

Semiconductors Provide Analog Voltage 
Source, by E. R. James (Motorola, Inc.), 
Electronics, vol. 31, pp. 96, 99, and 100; 
August 15, 1958. A highly accurate, stable 
transistorized power supply which was de- 
signed as an analog voltage source for com- 


puter circuits is described. The circuit uti- 
lizes zener diodes to provide good regulation 
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and a grounded-collector silicon transistor to 
improve the linearity of a control potenti- 
ometer and to isolate it from the output cur- 
rent. The isolation feature protects the po- 
tentiometer from accidental burnout. 


27 


Ten Megapulse Transistorized Pulse Cir- 
cuits for Computer Application, by W. N. 
Carroll and R. A. Coopper (IBM Corp.), 
Semiconductor Products, vol. 1, pp. 26-30; 
July-August, 1958. A group of transistor- 
ized computer circuits which have the sim- 
plicity of “direct coupled transistor logic” 
and the speed of more complex circuitry are 
described. These 10-megapulse transformer 
coupled circuits were designed for an experi- 
mental computer which combines pure pulse 
techniques and parallel computer organiza- 
tion. The pulse system makes use of novel 
circuit techniques which minimize the num- 
ber of components and allow the logic to be 
performed without the extensive use of de- 
lay lines. Four basic circuits, the AND, OR, 
Store, and Amplify, are used to perform all 
the necessary logical functions. 


28 


Design of AC Computing Amplifiers Using 
Transistors, by C. A. Krause and R. R. 
Lowe (United Aircraft Corp.), IRE Trans. 
ON ELECTRONIC COMPUTERS, vol. EC-7, pp. 
191-195; September, 1958. A design philoso- 
phy for transistorized analog computer am- 
plifiers is presented. A procedure for designing 
a summing amplifier to drive a specific re- 
solver in a 400 cps system is described, and 
the performance of the resulting circuit is 
evaluated. It is concluded that the input im- 
pedance of a current amplifying device such 
as a transistor used in this kind of an appli- 
cation should be as small as possible. 


29 


Investigation of Magnetic Amplifiers with 
Feedback, by H. J. Gray, Jr. (University of 
Penn.), IRE TRANS. ON ELECTRONIC Com- 
PUTERS, vol. EC-7, pp. 213-217; September, 
1958. An investigation of sine wave carrier 
excited magnetic amplifiers that was carried 
out to determine whether the figure of merit 
can be improved through the use of feedback 
techniques is reported. It is shown that the 
power gain can be made unlimited but that 
a finite rise time is preserved. Hence the 
figure of merit as ordinarily defined becomes 
meaningless. It is also shown, however, that 
voltage gain divided by rise time remains 
nearly constant under feedback and is, 
therefore, more suitable as a figure of merit. 


30 


A Transistor Pulse Generator for Digital 
Systems, by D. J. Hamilton (Stanford Elec- 
tronics Labs.), IRE TRANS. ON ELECTRONIC 
Computers, vol. EC-7, pp. 244-249; Sep- 
tember, 1958. A design procedure for a new 
transistor pulse generator circuit suitable 
for use as a building block in a digital sys- 
tem is described. The circuit produces a 
pulse the shape of which is relatively inde- 
pendent of variations in transistor parame- 
ters and load current. Pulse durations in the 
range from 0.5 us to 20 us and load currents 
of several hundred ma may be obtained. 
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Magnetic Core Pulse-Switching Circuits for 
Standard Packages, by J. L. Rosenfeld 
(Mass. Inst. Tech.), IRE TRANS. ON ELEC- 
TRONIC COMPUTERS, vol. EC-7, pp. 223- 
228; September, 1958. A new method for the 
logical design of magnetic core pulse-switch- 
ing circuits is presented. Several features of 
this method which make it particularly suit- 
able for use in standard packages are dis- 
cussed, including the absence of spurious 
noise signals at the output, the fact that 
outputs are independent of the order of ar- 
rival of input pulses, the fact that inter- 
changing components does not affect cir- 
cuit behavior, and the fact that moderate 
changes in clock pulse amplitude and dura- 
tion do not cause false operation. A com- 
puting system can be built by properly in- 
terconnecting a few different types of such 
packages. The new system uses advance 
current but performs the logical operations 
with both forward and backward windings 
in an output network. The use of both types 
of windings permits a reduction in the total 
number of cores required. 


A-3: EQUIPMENT—SUBSYSTEMS 
32 


Analogue Integrating System with Numeri- 
ical Readout, by R. C. Leibowitz (U. S. 
Naval Powder Factory), U. S. Gov. Res. 
Repts., vol. 30, p. 149 (A); September 12, 
1958, PB132458. An instrument which has 
been designed to provide a measurement of 
the integral of transient waveforms is de- 
scribed. Evaluation of the instrument under 
laboratory conditions has indicated poten- 
tial capabilities for practical application. 
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The Use of the Potentialscope for Realizing 
an Iterative Process Using an Analog Com- 
puter, by Iu. S. Val’denberg, Automation 
Express, vol. 1, pp. 14-15 (Summary); Sep- 
tember, 1958. [Translated from Priboro- 
stroente, pp. 22-24; July, 1958.] The solution 
of certain mathematical problems by the 
Gauss-Zeidel iterative method in an analog 
computer system which employs a potential- 
scope memory is described. In the poten- 
tialscope, a CRT in which the luminophor 
is replaced by a signal plate, the memory 
cells are charges in elementary capacitors 
formed on the surface of the plate. 
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End-Fired Memory Uses Ferrite Plates, by 
V. L. Newhouse, N. R. Kornfield, and 
M. M. Kaufman (Radio Corp. of America), 
Electronics, vol. 31, pp. 100-103; October 
10, 1958. The operation of a ferrite plate 
memory is explained, and the transistor 
drive and regeneration circuits associated 
with it are described. 
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A Load-Sharing Matrix Switch, by G. Con- 
stantine, Jr. (IBM Corp.), IBM J. Res. 
& Dev., vol. 2, pp. 204-211; July, 1958. 
A matrix-switch winding pattern based on a 
principle known as “load-sharing selective 
excitation” which allows the power from 
several pulse generators to be combined into 
a single high-power pulse to drive a com- 
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puter core memory with a minimum of 
spurious outputs is described. This pulse 
may be directed into any one of a group of 
outlets. The method of operation, including 
the logical basis for changes in the number 
of outputs, is described. The device is suit- 
able for the X-Y drivers of a transistor- 
driven core memory because one switch 
allows a group of fast, low-power transis- 
tors to deliver a large drive pulse to one drive 
line on one side of the memory. A 16-out- 
put load-sharing matrix switch has been 
used in the X-Y drive system for a 2-ysec 
memory. 


36 


Fundamental Concepts in the Design of the 
Flying Spot Store, by C. W. Hoover, Jr., 
R. E. Staehler, and R. W. Ketchledge (Bell 
Telephone Labs.), Bell Sys. Tech. J., vol. 
37, pp. 1161-1194; September, 1958. The 
flying spot store is a semipermanent infor- 
mation storage system developed for use in 
an electronic switching system which util- 
izes cathode ray tube access to information 
stored on photographic emulsion. Parallel 


optical channels are used to provide high — 


capacity and parallel readout. A feedback 
system provides rapid and precise beam 
positioning for writing and readout. This 
paper describes the fundamental design 
considerations for memory systems of this 
type, stressing physical realizability, speed, 
capacity, and other system features. The 
characteristics of a laboratory model are 
presented. 
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A High-Speed Barrier Grid Store, by T. S. 
Greenwood and R. E. Staehler (Bell Tele- 
phone Labs.), Bell Sys. Tech. J., vol. 37, 
pp. 1195-1220; September, 1958. A high- 
speed random access memory developed to 
serve an experimental electronic telephone 
switching system is described. The memory 
uses a barrier grid type electrostatic storage 
tube which is incorporated in a complete 
general-purpose store with a capacity of 
16,384 bits. Random access to any bit to- 
gether with a full storage cycle of reading 
and writing is completed in 2.5 wsec, permit- 
ting a 400-kc repetition rate. Experience 
with this store indicates that barrier grid 
storage can provide stable, compact, eco- 
nomical memory for data-handling systems. 
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Automatic Digital Recording and Translat- 
ing on Photographs, by T. C. Flynn (ITT 
Corp.), Computers and Automation, vol. 7, 
pp. 10-12; October, 1958. An automatic 
digital technique for providing an aerial 
photograph with a caption containing such 
information as the location, speed, and alti- 
tude of the airplane at the time the photo- 
graph was taken is described. A pattern of 
dots indicating this information is recorded 
on the film when the photograph is taken. 
When the film is developed, the dots are 
decoded and printed in numerical form 
below the photograph. 


39 


Automatic Reading of the Shape of Charac- 
ters by Electronic Means, Computers and 
Automation, vol. 7, p. 12; October, 1958. 
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A device which automatically reads char- 
acters imprinted on accounting stubs and 
punches them into IBM punch cards is 
described. 


40 


Communication Channels for SAGE Data 
Systems, by R. T. James (A T and T Go: 
Inc.), Electrical Engrg., vol. 77, pp. 792-797; 
September, 1958. The main features of the 
data transmission circuits used in the SAGE 
air surveillance and control system are sum- 
marized. The logic factors which influenced 
the design of the transmission systems are 
pointed out. The data circuit arrangements, 
characteristics, line facilities, and their per- 
formance are discussed. 
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Communicating with Computers, by G. H. 
Jenkinson (Battelle Memorial Inst.), Com- 
puters and Automation, vol. 7, pp. 18, 20-22, 
24; September, 1958. Auxiliary equipment 
for use in a computing system including 
several data-collection and data-distribu- 
tion devices is described. The physical 
facilities and the personnel necessary for the 
efficient operation of a computing system 
are considered, and a procedure for selecting 
the proper equipment is suggested. 
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A Direct-Reading Printed-Circuit Commu- 
tator for Analog-To-Digital Data Conversion, 
by C. A. Walton (IBM Corp.), IBM J. 
Res. & Dev., vol. 2, pp. 178-192; July, 
1958. A novel direct-readout printed-circuit 
commutator which has been incorporated 
in the design of a shaft-to-digital converter 
system for analog-to-digital data conversion 
is described. The design avoids the use of 
' supplementary coding or additional transla- 
tion circuitry required to operate other 
shaft-to-digital converters. Methods for en- 
suring logical progressions of numerical data 
despite gearing errors and the analog nature 
of the input-shaft position are considered, 
and some applications are discussed. 
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The Data Communication System, by J. P. 
Hely, IV (Sperry Rand Corp.), Univac Rev., 
vol. 1, pp. 9-11; Summer, 1958. The Univac 
PTM, which converts punched paper tape 
data to magnetic tape data, is discussed. 
The operation and physical characteristics 
of the converter are described. The role of 
the converter in a computer system is 
pointed out. 
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Accuracy Control in a File Processor, by 
J. C. Hammerton (RCA), Electronic Engrg., 
vol. 30, pp. 536-540; September, 1958. The 
accuracy controls incorporated in a particu- 
lar logical machine of the type known as a 
file processor are described. This machine 
is part of a system in which the working 
records of a small insurance company 
(300,000 policies) are stored as magnetized 
locations on reels of magnetic tape. The 
nine accuracy controls considered cover 
both the logical and information handling 
functions of the file processor. The methods 
of handling errors detected by the accuracy 
controls are also discussed. 
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A Calculator for Numerical Fourier Synthe- 
sis, by V. Timbrell (Llandough Hospital, 
Eng.), J. Sci. Insir., vol. 35, pp. 313-318; 
September, 1958. The customary numerical 
method of Fourier synthesis, using three 
figure tables, is accurate but laborious and 
slow. A calculator which makes the method 
ten times faster with about the same accu- 
racy is described. This calculator is especially 
useful for the occasional synthesis which 
does not justify an automatic machine. For 
each of twelve harmonics, expressed in the 
form Rx sin (¢.+k8), numerical values are 
Obtained for @=0°, 74°, 15°,-- - 3522°, 
These are recorded on a work sheet and the 
sum 


k=12 


>> Re sin ($% + 26) 
k=1 


is obtained by simple addition for each value 
of @. Full use is made of the frequent re- 
currence of values for some harmonics in 
order to minimize the number of readings 
that must be taken from the calculator. 
The principle is applicable to any values of 
k and to any of the commonly used intervals 
of @. A mechanical Fourier synthesizer of 
simple construction capable of handling 
fifteen harmonics is described in an appen- 
dix. This instrument enables the synthesized 
waveform to be plotted directly. 


A-5: EQUIPMENT—ANALOG 
COMPUTERS 
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Radio Direction Finder Bearing Computers, 
by A. D. Bailey, D. L. Bitzer, R. L. Sydnor, 
et al. (University of Ill.), U. S. Gov. Res. 
Repts., vol. 30, p. 152 (A); September 12, 
1958, PB127466. Sixteen systems for sector- 
type and omnidirectional-type analog bear- 
ing computers for use with small aperture 
radio direction finders are proposed. Some 
of the systems have been realized in the 
laboratory. Several of the analog systems 
yield data in a form that is ready for im- 
mediate processing by digital computers 
that function in real time. 
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Special Purpose Computers Applied to 
Quality Control, by G. H. Amber and P. S. 
Amber (Amber and Amber), Automatic 
Control, vol. 9, pp. 54-55; October, 1958. 
Automatic quality control of piece part and 
continuous fabricating processes by means 
of special purpose computers is discussed. 
The mathematical operations which the 
computer performs in order to achieve qual- 
ity control are explained. 


B-1: SYSTEMS—THEORETICAL 
DESIGN 


48 


A Business Intelligence System, by H. P. 
Luhn (IBM Corp.), JBM J. Res. & Dev., 
vol. 2, pp. 314-319; October, 1958. An auto- 
matic system designed to disseminate in- 
formation to the various sections of any in- 
dustrial, scientific, or government organi- 
zation is described. This intelligence system 
will utilize data-processing machines for 
auto-abstracting and auto-encoding of doc- 
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uments and for creating interest profiles for 
each of the “action points” in an organiza- 
tion. Both incoming and internally gener- 
ated documents will be automatically 
abstracted, characterized by a word pattern, 
and sent automatically to appropriate action 
points. The flexibility of such a system in 
identifying known information, in finding 
who needs to know it, and in disseminating 
it efficiently either in abstract form or as a 
complete document is shown. 


49 


A Dual Master File System for a Tape 
Processing Computer, by S. Blumenthal 
(Chesapeake and Ohio Railway Co.), J. 
Assoc. Computing Mach., vol. 5, pp. 319- 
327; October, 1958. A criterion for economic 
balance in the file-matching operation of a 
data-processing computer is defined and a 
prototype dual master file system which 
reflects this criterion is described. In this 
prototype system, part of the information 
in the file is ordered on tape and is not 
amenable to retrieval at random. The bal- 
ance of the information is available in a 
low-cost-per-item random-access arrange- 
ment such as a punched-card tub file. 
Transactions for which no match is obtained 
on the active (tape) file are investigated in 
the period between cycles by a search of 
the inactive file. If an appropriate inactive 
file item is found, the cards are removed, 
converted to tape, and included in the next 
file maintenance. 
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Accuracy Control in Electronic Business 
Data Processing Systems, by J. C. Ham- 
merton (RCA), Electronic Engrg., vol. 30, pp. 
483-486; August, 1958. A general design 
philosophy for introducing accuracy con- 
trols into electronic business data processing 
systems and into the machines which make 
up the systems is discussed. Three types of 
checks (feedback, parity, and verification) 
necessary to ensure reliable communication 
between the individual parts of the system 
are described, and the detection, correction, 
and indication of errors in the individual 
machines are considered. 
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Communications for Private Wire Data 
Processing, by G. O. Vincent (Western 
Union Telegraph Co.), Computers and Auto- 
mation, vol. 7, pp. 14-18; September, 1958. 
Several private wire data transmission and 
communications systems specially designed 
by the Western Union Telegraph Company 
are briefly described. The descriptions in- 
clude the purpose and operation of the sys- 
tems and the equipment used in them. 
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ATHENA, the Univac Missile Guidance 
Computer, by M. D. True (Sperry Rand 
Corp.), Univac Rev., vol. 1, pp. 4-5; Sum- 
mer, 1958. The ground-based ATHENA 
computer which tracks and controls the 
Titan intercontinental ballistic missile dur- 
ing its initial powered flight phase is dis- 
cussed. The principles, development, and 
performance of the computer are covered. 
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A Computer as a Space Traffic Policeman, 
Computers and Automation, vol. 7, pp. 18 
and 20; October, 1958. The operation of a 
radar and computer system which insures 
the safe firing of missiles is discussed. From 
the missile-tracking radar data the computer 
determines the exact point of impact should 
the thrust of its rocket engines fail. The 
computer plots these impact points and the 
missile trajectory on a map of the firing 
range. If the impact points fall outside the 
range safety limits, the missile is destroyed. 


54 


An Automatic Analyzer of Infrared Spectrum 
to Identify Chemicals, Computers and Auto- 
mation, vol. 7, pp. 12 and 14; October, 1958. 
A system which utilizes an electronic com- 
puter to analyze rapidly and automatically 
the infrared spectrum of chemical mixtures 
containing up to ten constituents is de- 
scribed. The spectroanalyzer system con- 
sists of a source of infrared radiation, a 
spectrophotometer which measures the in- 
frared absorption in the unknown and 
records it on punched paper tape, a “library” 
which contains known infrared absorption 
patterns, and an electronic computer. The 
computer compares the known and un- 
known patterns, performs the necessary 
mathematical calculations, and gives a 
quantitative analysis of the sample. The 
system can be modified to identify radio- 
active isotopes. 
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Automatic System for Spectrometric Data 
NBS Tech. News Buil., vol. 42, p. 175° 
September, 1958. An automatic data proc” 
essing system which provides immediate 
information on the homogeneity of metals 
and alloys is described. By means of a 
specially designed electronic readout, the 
data from analyses obtained on a direct- 
reading spectrometer is automatically re- 
corded on punched cards for input to a 
high-speed computer. In ten minutes, this 
computer, which has been programmed to 
accept the data, converts 500 or more 
measurements made for 18 elements in about 
30 samples to percentage composition, com- 
pletes a statistical analysis of the data, and 
types out the results in a convenient form. 


56 


The Computer and Control for the Telescope 
at Jodrell Bank, Electronic Engrg., vol. 30, 
pp. 466-472; August, 1958. The equipment 
used to compute and control the complex 
movements required in the Jodrell Bank 
radio telescope is described. Motion of the 
telescope can be controlled in any of three 
coordinate systems: right ascension /declina- 
tion, azimuth/elevation, and galactic lati- 
tude/longitude. An analog computer is used 
to solve the necessary spherical trigono- 
metric equations instantaneously and con- 
tinuously. 
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Case Study of the Electronic-Computer 


System at Farmers Insurance Group, by 
P. Kircher (University of Calif.), U.S. 


Gov. Res. Repts., vol. 30, p. 150 (A); Sep- 
tember 12, 1958, PB132545. A detailed re- 
port on the experience of the Farmers In- 
surance Group with an IBM 705 computer 
is presented. The initial selection of equip- 
ment and personnel, preparation of pro- 
grams, installation, and actual operation are 
covered. Attention to long range and con- 
tinuous systems planning, over a period of 
many years, has made a considerable con- 
tribution to the success of the relatively low 
cost installation. The conversion was ac- 
complished speedily and efficiently. 
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The Largest Single Electronic Data Process- 
ing System in Any Bank, Computers and 
Automation, p. 14; October, 1958. Banking 
applications for the Datamatic 1000 process- 
ing system are discussed. The system is 
presently used at the First National Bank 
of Boston for processing the records of 
30,000 special checking accounts. It will also 
be used for processing 70,000 regular check- 
ing accounts. Other applications include 
maintenance of stockholders’ ledgers, prep- 
aration of dividend checks, and loan, per- 
sonal trust, and payroll accounting. 
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Data Processing Tasks for the 1960 Census, 
by D. H. Heiser and D. P. Armstrong 
(Dept. of Commerce), Univac Rev., vol. 1, 
pp. 12-16; Summer, 1958. The problems in- 
volved in performing a national census by 
means of electronic data processing equip- 
ment are discussed. The selection of the 
proper equipment, the training of personnel, 
and the preparation of the complex input 
data for the computer are covered. 


C-2: AUTOMATA—ARTIFICIAL 
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Intelligent Behavior in Problem-Solving 
Machines, by H. L. Gelernter and N. Roch- 
ester (IBM Corp.), IBM J. Res. & Dev., 
vol. 2, pp. 336-345; October, 1958. A 
machine that can prove theorems in ele- 
mentary Euclidean plane geometry is de- 
scribed. The device uses no advanced 
decision algorithm, but relies rather on 
rudimentary mathematics and “ingenuity” 
in the manner, for example, of a clever high 
school student. Heuristic methods and 
learning machines are discussed, and the 
concept of a theory machine as an extension 
of a theorem-proving machine is introduced. 


D-1: PROGRAMS—AUTOMATIC 
PROGRAMMING, DIGITAL 
COMPUTERS 


61 


An Input Routine for the Ferranti Mer- 
cury Computer, by J. A. Fotheringham and 
M. de V. Roberts (Ferranti Ltd., London), 
The Computer J., vol. 1, pp. 128-131; Octo- 
ber, 1958. The principal features.of an input 
routine for general use with the Ferranti 
mercury computer are described. The 
method of writing programs for input by 
means of this routine is given, and the rea- 
sons for including the various facilities are 
discussed. One of the main features is pro- 
vision for the liberal use of symbolic (or 
floating) addresses. These addresses are as- 
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sociated with routines rather than with 
complete programs so as to avoid certain 
difficulties which otherwise occur. 


62 


On Programming of Arithmetic Operations, 
by A. P. Ershov (Moscow University), 
Commun. Assoc. Computing Mach., vol. 1, 
pp. 3-6; August, 1958. [Translated from 
Dokl., AN USSR, vol. 118, no. 3, pp. 427— 
430; 1958.] The production of 3-address ma- 
chine language instructions for the BESM 
computer from algebraic statements of the 
type found in Fortran, Unicode, and other 
languages is discussed. Assembly program 
characteristics are included. An algorithm 
for creating rough machine language in- 
structions in pseudo-form and then altering 
them to the most efficient form is given. The 
time required to produce an efficient object 
program using this algorithm is linearly 
proportional to the number of instructions 
in the program. For at least the domain of a 
single formula, a check is made for duplicate 
strings of any length. 
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The Problem of Programming Communica- 
tion with Changing Machines, Part 1, by 
J. Strong and O. Mock (North American 
Aviation), J. Wegstein (Bureau of Stand- 
ards), A. Tritter (Lincoln Lab.), J. Olsztyn 
(General Motors Corp.), and T. Steel (Sys- 
tems Dev. Corp.), Commun. Assoc. Comput- 
ing Mach., vol. 1, pp. 12-18; August, 1958. A 
solution to the problem of communicating 
with machines which arises because of the 
rapid technical obsolescence of the machines, 
the growing sophistication of machine lan- 
guages, and the delay in obtaining compilers 
is proposed. Each problem-oriented lan- 
guage (e.g. Fortran) would be transformed 
to a universal computer-oriented language 
(UNCOL) by means of generators written 
by the system programmer. The UNCOL 
would be transformed to each specific ma- 
chine language by means of a translator. 
This three-level system would require only 
one translator for each new machine and 
only one generator for each problem- 
oriented language. Additional advantages 
of the three-level system are also considered. 
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Proposal for an UNCOL, by M. E. Conway 
(Case Inst. Tech.), Commun. Assoc. Comput- 
ing Mach., vol. 1, pp. 5-8; October, 1958. A 
proposed universal computer-oriented lan- 
guage (UNCOL) to be used as a common 
path between the problem-oriented language 
and the machine language in compatible 
automatic programming systems is de- 
scribed. The technique of programming in 
this UNCOL is to reduce a computation to 
a sequence of minimal arithmetic or logical 
operations, to transfer the arguments of 
each operation to standard storage positions, 
and to express each operation as a subroutine 
linkage (“execute”). There are only two 
instructions, a memory-to-memory transfer 
and an execute instruction. 
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Further Autocode Facilities for the Man- 
chester (Mercury) Computer, by R. A. 
Brooker (University of Manchester), The 
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Computer J., vol. 1, pp. 124-127; October, 
1958. Some of the facilities of the simplified 
programming system (autocode) developed 
for the Ferranti mercury computer at Man- 
chester University are described. The topics 
considered include: unrounded arithmetic, 
miscellaneous instructions, step-by-step in- 
tegration of differential equations, multi- 
chapter programs, variable directives, auxil- 
iary variables, subchapters, the reset 
instruction, and operations with complex 
numbers. This article and its predecessor 
[The Computer J., vol. 1, p. 15; 1958] con- 
stitute a compact programming manual for 
the Manchester mercury computer. 


66 


The Mathematician’s Programming System, 
Univac Rev., vol. 1, p. 17; Summer, 1958. 
The Univac Math-Matic programming sys- 
tem which permits a non-programmer to 
describe his problem in familiar English 
language sentences and algebraic equations 
so that it can be solved on the Univac I or 
II is described. An example of the method 
is given. 
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Automatic Coding by Fortran, The Com- 
puter Bull., vol. 2, p. 24; August/September, 
1958. The FORTRAN automatic coding 


technique for use with the IBM 704 is de- 


scribed. A program is prepared in the form 
of statements which are transcribed onto 
punched cards. When these cards are fed 
into the computer, the statements are auto- 
matically translated into machine-language 
instructions which are recorded onto more 
punched cards. In this translation, one 
FORTRAN statement gives rise to an aver- 
age of 9 machine-code orders. The new set 
of cards can then be fed into the computer 
any number of times, causing it to carry out 
the procedure specified in the original state- 
ments. Two examples of this technique are 
given. 


D-2: PROGRAMS—APPLICATIONS, 
DIGITAL COMPUTERS 
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Four Years of Automatic Office Work, by 
T. R. Thompson (LEO Computers Ltd., 
London), The Computer J., vol. 1, pp. 106- 
112; October, 1958. The use of an electronic 
computer (LEO) for office work is discussed. 
The topics considered include the loading 
of the computer (it is normally switched on 


about 100 hours per week), its efficiency 


(about 12 hours per week are used for rou- 
tine testing and preventive maintenance, 3 
hours for program trials, and 20 hours for 
stoppages), its accuracy (the errors pro- 
duced are of a very much lower order than 
those which occur with other methods), its 
operation (in general two operators are re- 
quired), and the preparation of data for it 
(two dozen girls transcribe and check about 
2 million characters a week). The economics 
of using computers for office work and the 
various jobs that have been handled are 
also discussed. 
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Computers and Commerce: 2, by A. S. 
Douglas (University of Leeds), The Com- 
puter J., vol. 1, pp. 132-137; October, 1958. 
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The application of computers to book- 
keeping is discussed, particular considera- 
tion being given to the strategy of filing and 
consultation of files. It is shown, by means 
of appropriate formulas, that both the 
general method of filing used and the time 
at which filing is done will materially affect 
the time taken by the computer to carry out 
this type of work. A detailed discussion of 
the prevention, detection, and correction of 
errors is given and the reliability that may 
be expected from a computer system in this 
application is considered. 
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Computers and Commerce: 3—Stock Re- 
cording and Control, by A. S. Douglas 
(University of Leeds), The Computer J., 
vol. 1, pp. 137-141; October, 1958. The 
problems of using a computer to record and 
control stock are considered. The implica- 
tions of the time limits on stock recording 
set by businesses with a large daily turnover 
are discussed with particular reference to 
the use of magnetic tape for storing records 
in these circumstances. The points made are 
illustrated by an example and a method of 
programming such an operation is suggested. 
Some of the difficulties of carrying out stock 
control directly by the computer are also 
considered. 


vA 


Automatic Sales Forecasting, by A. Muir 
(J. Bibby and Sons Ltd., Liverpool), The 
Computer J., vol. 1, pp. 113-116; October, 
1958. Most methods of projecting past sales 
data into the future require the calculation 
of moving averages so as to smooth the data 
and obtain a trend. This can be cumbersome 
to handle on a computer, particularly if a 
large number of products are being forecast 
as a routine and the amount of storage space 
required is excessive. Methods that make 
use of exponentially weighted moving aver- 
ages which are readily calculated, require a 
minimum of storage space, and put declining 
weight on older data are described. 
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Harmonic Analysis Using a Digital Com- 
puter, by F. Beck (GE Co. Ltd., Wembiey), 
The Computer J., vol. 1, p. 117; October, 
1958. A simple and flexible program for 
harmonic analysis and synthesis which is 
adaptable to any two-address binary ma- 
chine having a 1024-word magnetic drum 
store is described. Instead of the values of 
the sines and cosines being computed as 
required, they are stored on the drum, the 
sines of the angles 277/256 (r=0, 1,2---> 
255) being spaced equally around it. The 
numbers representing the curve to be 
analyzed and the program are written in 
the remaining locations on the drum. The 
changing of a single parameter enables the 
program to be used for 16, 32, 64, 128, or 
256 ordinates. 
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Progress in Thermal Design of Oii-Cooled 
Rotating Machinery, by P. B. Richards 
(Jack and Heintz, Inc.), Electrical Engrg., 
vol. 77, pp. 808-812; September, 1958. An 
iteration technique which has been success- 
fully programmed on an IBM 650 digital 
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computer to determine the internal tempera- 
ture distribution in rotating electric ma- 
chinery is discussed. The program, which will 
accommodate 704 grid points and 50 finite 
difference equations, was used to determine 
the temperature in the rotor of an oil-cooled 
alternator in less than 4 hours. The solution 
of this same problem by the manual relaxa- 
tion technique would not be economically 
feasible. 
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Digital Computation for Stiffness Matrix 
Analysis, by J. S. Archer (General Dynamics 
Corp.), J. Structural Div. Proc. Amer. Soc. 
Civil Eng., vol. 84, pp. 1814-1 to 1814-16; 
October, 1958, A matrix method for the static 
stress and normal mode analysis of highly 
indeterminate structures on large scale digi- 
tal computers is described. The application 
of the technique to the analysis of basic types 
of civil engineering structures is discussed. 
A simple building frame problem is solved 
for stresses and deflections. 
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Method for Computations of Satellite Orbits, 
by L. Jacchia (Smithsonian Inst.), Proc. 
Roy. Soc., vol. 248, pp. 43-44; October, 
1958. The main routines employed in the 
IBM 704 program for computing satellite 
orbits are briefly described. 
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The Computation of Orbit Parameters from 
Interferometric and Doppler Data, by E. G. 
C. Burt (Royal Aircraft Est.), Proc. Roy. 
Soc., vol. 248, pp. 48-55; October, 1958. 
Methods for calculating the orbit parameters 
of an earth satellite from interferometric, 
Doppler, and visual data are discussed. 
Digital computer programs which use the 
interferometric and visual data are de- 
scribed. 
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Weapon Evaluation by Computer Simula- 
tion, by C. Friedman (Technical Operations, 
Inc.), Computers and Automation, vol. 7, 
pp. 9-10; October, 1958. A general program 
for evaluating weapon systems on an IBM 
704 computer is described. A description of 
a simulated war game is given and the main 
functions of the programs are listed. 
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Digital Simulation of Active Air Defense 
Systems, by R. P. Rich (Johns Hopkins 
University), Univac Rev., vol. 1, pp. 18-20; 
Summer, 1958. The simulation on a digital 
computer of an active air defense system is 
discussed. A brief description of a particular 
simulation is presented and some general ob- 
servations about machine simulation of 
complex systems are given. The simulation 
of complicated systems is feasible and useful 
when an accurate model can be described 
for machine programming, and the approxi- 
mations necessary to reduce a problem to 
reasonable size can be used with confidence. 
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Machine-Made Index for Technical Litera- 
ture—An Experiment, by P. B. Baxendale 
(IBM Corp.), IBM J. Res. & Dev., vol. 
2, pp. 354-361; October, 1958. Machine 
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techniques for reducing technical documents 
to their essential discriminating indexes are 
considered. Human scanning patterns in 
selecting “topic sentences” and phrases 
composed of nouns and modifiers were simu- 
lated by computer program. The amount of 
condensation resulting from each method 
and the relative uniformity in indexes are 
examined. It is shown that the coordinated 
index provided by the phrase is the more 
meaningful and discriminating. 
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Rapid Retrieval of Information, by B. K. 
Dennis (GE Co.), Computers and Automa- 
tion, vol. 7, pp. 8-9; October, 1958. A rapid, 
automatic technical information retrieval 
system which uses IBM 704 computing 
equipment is described. The system, in 
which some 30,000 abstracts, carefully 
identified by means of descriptive key words 
are stored on 3 magnetic tapes, can be 
thoroughly searched in less than 3 minutes. 
In less than 15 minutes, depending on the 
number of documents found, the system will 
deliver printed abstracts and identifying in- 
formation. In its present form the system 
can handle 1 million abstracts and 56 mil- 
lion file numbers which are coordinated with 
the words in the system. It can perform up 
to 99 simultaneous literature searches. 
Equipment which can increase the system 
speed by 1000 per cent and can increase its 
document storage capacity to 10 million is 
available. It is suggested that within 10 to 
20 years the nation’s industry will be tied 
together by a network of such retrieval 
systems. 
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A Type of Program for Mechanical Transla- 
tion, by J. P. Cleave (University of South- 
ampton, Eng.), Mech. Translation, vol. 4, 
pp. 54-58; December, 1957. A program for 
the mechanical translation of a limited 
French vocabulary into English which was 
constructed for operation on the computer 
APEXC is described. The principal features 
include an improved routine for dictionary 
look-up and an organization permitting 
systematic incorporation of additional sub- 
routines. A program for syntactic processing 
was constructed, but it was too large for 
the available storage space. It examined 
preceding and following items—stems or 
endings—in order to choose correct equiva- 
lents and used a dictionary of syntactic se- 
quences or structures to effect local word- 
order change. 
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Artificial Auditory Recognition in Telephony, 
by E. E. David, Jr. (Bell Telephone Labs.), 
IBM J. Res. & Dev., vol. 2, pp. 294-309; 
October, 1958. Two applications of an ele- 
mentary acoustic pattern recognizer to the 
problem of actuating certain logical func- 
tions and the possible utilization of more 
complex recognizers are discussed. Seg- 
mentation of speech into discrete units 
suitable for recognition, including the pos- 
sibility of overlapping elements, is consid- 
ered. There is reason to expect that such 
segments will span several elementary 
speech sounds. A set of rules for associating 
visual spectral displays (sound spectrograms) 


with the perception evoked by the corre- 
sponding utterances is presented to illustrate 
this approach. Some experiments which 
validated these rules are discussed. 
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Chess-Playing Programs and the Problem 
of Complexity, by A. Newell and J. C. Shaw 
(RAND Corp.) and H. A. Simon (Carnegie 
Inst. Tech.), IBM J. Res. & Dev., vol. 
2, pp. 320-335; October, 1958. The develop- 
ment of a number of digital computer pro- 
grams that play chess is reviewed. The work 
of Shannon, Turing, the Los Alamos group, 
Bernstein, and the authors is treated in 
turn. It is suggested that efforts to program 
chess provide an indication of current prog- 
ress in understanding and constructing 
complex and intelligent mechanisms. 
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On the Loop- and Node-Analysis Approaches 
to the Simulation of Electrical Networks, 
by J. Otterman (University of Mich.), IRE 
TRANS. ON ELECTRONIC COMPUTERS, vol. 
EC-7, pp. 199-206; September, 1958. The 
number of integrators in an analog-com- 
puter setup should be equal to the order of 
the differential equation describing the 
system. A new procedure for tracing the 
loop currents in a simulated electrical net- 
work which results in one-to-one corre- 
spondence between the number of integra- 
tors in the simulation setup and the count of 
independent energy-storing elements in the 
network (z.e., the degree of the characteristic 
equation of the system) is presented. The 
generality of the procedure proves that it 
is always possible to trace the loop currents 
in such a way that excess integrators are 
avoided. The loop-analysis and the branch- 
variables-analysis approaches are discussed 
and examples are given. 
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Note on Analog Techniques for Resolving 
Two-Point Boundary Value Problems, by 
D. Greenspan (Purdue University), Rev. 
Sci. Instr., vol. 29, pp. 787-788; September, 
1958. A method which utilizes analog com- 
puter equipment for solving two-point or- 
dinary differential equation boundary value 
problems is described. By means of differ- 
ence approximations the differential equation 
is transformed into a system of linear alge- 
braic equations. Such a system can be easily 
solved by special analog machines if the 
system is nonsingular. 
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Fourier Analysis by a General Purpose 
Electronic Analogue Computer, by N. S. 
Nagaraja (Indian Inst. Sci.), J. Inst. Tele- 
commun. Engrs., vol. 4, pp. 130-136; June, 
1958. A method of carrying out Fourier 
analysis on a general purpose electronic 
differential analyzer is described. The meth- 
od avoids the necessity of changing the fre- 
quency of the sinusoidal function which 
must be generated on the computer. The 
errors which are possible in the system are 
analyzed. The method requires only a min- 
imum amount of simple auxiliary equipment. 
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An Analog Computer Which Realizes the 
Conformal Mapping of an n-Degree Poly- 
nomial, by V. A. Brik and S. A. Ginzburg 
(Moscow Power Inst.), Automation Express, 
vol. 1, pp. 15-16 (Excerpts); September, 
1958. [Translated from Avtomatika 1, Tele- 
mekhanika, vol. 19, pp. 674-683; July, 
1958.] An analog computer which serves for 
studying polynomials up to the tenth degree 
with real and complex coefficients is de- 
scribed. The basic purpose of the computer 
is to determine the roots of the characteristic 
equations and to plot Milkhailov root loci. 
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Proposed Methods for the Analog Solution 
of Fredholm’s Integral Equation, by M. E. 
Fisher (King’s College, London), J. Assoc. 
Computing Mach., vol. 5, pp. 357-369; 
October, 1958. A theoretical study of vari- 
ous analog computing methods other than 
the Neumann method for the solution of 
integral equations is presented. The most 
promising method uses a simple but flexible 
transformation to obtain a modified kernel 
function with which the straightforward 
iterative process can be made convergent. 
It is indicated how the various methods 
discussed could be realized in practice with 
electronic apparatus previously described, 
but no actual computations are reported. 
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Coding and Code Compression, by L. N. 
Korolev (Inst. Exact Mechanics and Com- 
puter Tech., USSR), J. Assoc. Computing 
Mach., vol. 5, pp. 328-330; October, 1958. 
{Translated from Dokl. Acad. Nauk. USSR, 
vol. 113, pp. 746-747; 1957.] A theorem 
which states that a minimum code length 
exists for any one-to-one coding process and 
a second theorem which states that classes 
of code compression operators exist for which 
the uniqueness of coding is not violated are 
presented. The code compression operations 
can be accomplished on a computer. Code 
compression permits the volume of the 
memories in computers to be reduced or the 
volume of information transmitted over 
various communication channels to be in- 
creased. 
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On the Equivalence and Transformation of 
Program Schemes, by Iu. I. Ianov (V. A. 
Steklov Math. Inst.), Commun. Assoc. Com- 
puting Mach., vol. 1, pp. 8-12; October, 
1958. [Translated from Dokl. Acad. Nauk. 
USSR, vol. 113, pp. 39-42; 1957.] The 
equivalence and the identical transformation 
of logical program schemes for universal 
automatic computers are discussed. The 
program schemes are considered as specific 
listings of the order of completion of the 
operators and of the logical conditions de- 
pending on the values of the logical (binary) 
variables. Thus the operators are considered 
as elementary objects to which a specific 
capacity to alter the values of the logical 
variables is attributed. Several definitions 
of symbols and terms are given, and a com- 
plete system of axiom schemes and deriva- 
tion rules for such operators and expressions 
containing them is presented. 
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On Sequences of Pseudo-Random Numbers 
of Maximal Length, by J. Certaine (Nuclear 
Dev. Corp. Amer.), J. Assoc. Computing 
Mach., vol. 5, pp. 353-356; October, 1958. 
Sequences of pseudo-random numbers can 
be obtained by calculating successive powers 
(modulo m) of a number a. A method of 
determining the number a which will gen- 
erate a nonrepeating sequence of maximal 
length is described. A table of these numbers 
for various machines is given. 
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Switching Circuits as Topological Models 
in Discrete Probability Theory, by J. N. 
Warfield (Purdue University), IRE Trans. 
ON ELectronic Computers, vol. EC-7, pp. 
251-252 (L); September, 1958. A substitu- 
tion rule for representing the probability of 
occurrence of a complex event in terms of a 
switching circuit model is offered without 
proof, and an example of its application is 
given. 
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The Application of Sequential Estimation to 
Computer Simulation and Monte Carlo 
Procedures, by J. Moshman (Corp. for 
Economic and Industrial Res.), J. Assoc. 
Computing Mach., vol. 5, pp. 343-352; 
October, 1958. Several sequential techniques 
for estimating the parameters of Gaussian 
and binomial populations are discussed. 
These techniques provide for continual ma- 
chine sampling during the solution of prob- 
lems by simulation and Monte Carlo 
methods until a sufficiently large sample is 
accumulated so that one obtains an estimate 
with a prespecified variance, coefficient of 

variation, or confidence interval. Some of 
the techniques are exact; others have asymp- 
totic validity. In some cases the evaluation 
is made after each sample unit; in other 
cases evaluation takes place at certain 
intervals. 
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Pseudo-Random Numbers for the Machine 
“Strela,” by I. M. Sobol, Automation Ex- 
press, vol. 1, pp. 19-20 (Excerpts); Septem- 
ber, 1958. [Translated from Teoria Verioat- 
nost'ei t Yeyo Primenenia, vol. 3, pp. 205- 
211; March/April, 1958.] Pseudo-random 
numbers which were used in computations 
on the high-speed computer Strela-1 and 
some results of investigating the randomness 
of these numbers are described. 
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Minimization of Components in Electronic 
Switching Circuits, by T. J. Beatson (GE 
Co.), Commun. and Electronics, No. 37, pp. 
283-291; July, 1958. A method of obtaining 
a switching circuit realization of a Boolean 
function using a minimum number of tran- 
sistors or diodes as switching elements is 
described. From a table of combinations, 
both the first canonical form and the com- 
plement of the second canonical form of the 
Boolean function are obtained. Redundant 
terms and factors and common factors are 


then eliminated from these forms. The total 
number of terms and factors in each of the 
two resulting forms are counted and that 
form of the Boolean function for which this 
count is a minimum is selected. A circuit 
having the logic of this selected function is 
then synthesized. 
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Formal Analysis and Synthesis of Bilateral 
Switching Networks, by R. E. Miller (IBM 
Corp.), IRE Trans. on ELEctronic Com- 
PUTERS, vol. EC-7, pp. 231-244; September, 
1958. Formal procedures and nomenclature 
for the analysis and synthesis of two-ter- 
minal combinational bilateral switching net- 
works are presented. A stepwise decomposi- 
tion procedure which may be used for the 
analysis and synthesis of the series and 
parallel parts of the network is developed. 
The steps are described both with linear 
graphs and connection matrices. A condition 
called the bridge condition which partially 
formalizes bridge network synthesis is de- 
fined. Redundant variables are also con- 
sidered as an aid to network synthesis. 
Under certain conditions, the synthesis 
yields network realizations with the fewest 
possible elements. 
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A Note on Contact Networks for Switching 
Functions of Four Variables, by R. Gould 
(Harvard University), IRE TRANs. on 
ELEcTRoNIc CoMmpPpuTERS, vol. EC-7, pp. 
196-198; September, 1958. Several correc- 
tions to a recent tabulation of two-terminal 
contact networks realizing the switching 
functions of four variables are given. Nine- 
teen new networks which are more econom- 
ical in contacts than those previously tabu- 
lated are also presented, and certain four- 
variable functions possessing a _ useful 
complementary relationship are listed. An 
area requiring further work on four-variable 
contact network synthesis is indicated. 
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Synthesis of Series-Parallel Network 
Switching Functions, by W. Semon (Harvard 
University), Bell Sys. Tech. J., vol. 37, pp. 
877-898; July, 1958. From the switching 
functions of 2 variables, those which corre- 
spond to networks are abstracted and called 
network functions. Properties of those net- 
work functions corresponding to series- 
parallel networks are studied, and a method 
for their synthesis is developed. 


99 


Translating from Ordinary Discourse into 
Formal Logic, A Preliminary Systems Study 
(ACF Industries, Inc.), U. S. Gov. Res. 
Repts., vol. 30, p. 160 (A); September 12, 
1958, PB126808. The symbolization of the 
statement of a problem in ordinary discourse 
so that it may be solved on a general-purpose 
logical computing machine by the methods 
of symbolic logic is discussed. The total 
process of reformulation or transformation 
that culminates in symbolization may be 
regarded as a translation from the natural 
language in which the statements are initially 
given to the quasi-language of functional 
logic (é.e., a logical interpretation of a 
calculus of functions). 
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On the Inversion Complexity of a System of 
Functions, by A. A. Markov (V. Steklov 
Math. Inst.), J. Assoc. Computing Mach., 
vol. 5, pp. 331-334; October, 1958. [Trans- 
lated from Dokl. Acad. Nauk, USSR, vol. 
116, pp. 917-919; 1957.] A theorem which 
expresses the inversion complexity of a 
Boolean function in terms of the sign- 
variability of this function and theorems 
which give a simple method of calculating 
the greatest of the inversion complexities 
of the 2™” different systems of m Boolean 
functions of m arguments are presented. 
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Method for Computation of the Greatest 
Root of a Positive Matrix, by A. Brauer 
(University of N. C.), U.S. Gov. Res. Repts., 
vol. 30, pp. 239-240 (A); October 17, 1958, 
PB133187. An improvement of a method 
for computing the greatest characteristic 
root of a positive matrix as exactly as needed 
is described. The improved method converges 
quicker and is more adaptable for machine 
computations since it avoids square roots. 
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On the Solution of Poisson’s Difference 
Equation, by P. Laasonen (University of 
Calif.), J. Assoc. Computing Mach., vol. 5, 
pp. 370-382; October, 1958. A general 
method based on the use of Green’s func- 
tions, for estimating the difference between 
the solution of an elliptic differential equa- 
tion and its corresponding difference equa- 
tion, including inhomogeneous equations 
such as Poisson’s equation with a discon- 
tinuousinhomogeneous term, is discussed. By 
expressing, respectively, the solutions of the 
inhomogeneous differential and difference 
equations in integral form and as a sum, the 
error can be estimated by means of Green’s 
functions and the inhomogeneous terms 
without irrelevant assumptions concerning 
the differentiability of the inhomogeneous 
terms. The method is illustrated in the 
simplest case of a rectangle and an explicit 
estimate for the error is found. A certain 
extension to more general domains is given; 
however, only the general law of the error 
(with no explicit determination of the nu- 
merical coefficients) can be obtained. 
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Runge-Kutta Methods for Integrating Dif- 
ferential Equations on High Speed Digital 
Computers, by D. W. Martin (Nat. Phys. 
Lab., Teddington), The Computer J., vol. 1, 
pp. 118-123; October, 1958. The Runge- 
Kutta methods of Gill, Strachey, and Boul- 
ton are discussed in respect to their accuracy, 
speed, and storage requirements on. elec- 
tronic digital computers. For machines pos- 
sessing a double-length accumulator alterna- 
tive integration procedures are suggested 
which are comparable in accuracy with Gill’s 
process and which are likely to be consider- 
ably faster. These procedures use additional 
storage registers to carry guarding digits of 
the dependent variables, whereas the meth- 
ods of Gill and Strachey achieve their ac- 
curacy by subtle algebra. 
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The Calculation of Eigenvectors by the 
Method of Lanczos, by J. H. Wilkinson 
(Nat. Phys. Lab., Teddington), The Com- 
puter J., vol. 1, pp. 148-152; October, 1958. 
A technique for calculating the eigenvectors 
of a matrix automatically by means of the 
Lanczos transformation is described. Both 
the symmetric and the unsymmetric forms 
are treated. It is shown that with suitable 
modifications a previously described method 
for finding the eigenvectors by means of the 
Givens transformation can be made to give 
accurate results for both of the Lanczos 
transformations. 
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Generated Error in Rotational Tridiagonal- 
ization, by A. S. Householder (Oak Ridge 
Nat. Lab.), J. Assoc. Computing Mach., vol. 
5, pp. 335-338; October, 1958. A method 
for analyzing the errors which are generated 
by the tridiagonalization of a symmetric 
matrix during the computation of the proper 
values of the matrix is described. This 
method is simpler and more general than 
that of J. W. Givens, but it yields less sharp 
bounds. 


106 


Computation of Arcsin N for0<N<1 Using 
an Electronic Computer, by E. G. Kogbet- 
liantz (IBM Corp.), JBM J. Res. & Dev., 
vol. 2, pp. 218-222; July, 1958. All known 
subroutines for Arcsine are based on the 
relation Arcsin N=Arctan [N/(1—N?)!/] 
so that Arcsine is not computed as such but 
as an Arctangent. To avoid the loss of ma- 
chine time caused by the computation of 
N/(1-N?)!/2, a direct computation of Arc- 
sine based on a rational approximation to 
Arcsin N deduced from the Chebyshev ex- 
pansion of Arcsin (x Sin 20), O<x<1 is 
proposed. A subroutine yielding the first 
six correct significant digits in only 5 multi- 
plications and divisions is described in detail 
to illustrate the rapidity of the new method. 
The same number of operations is required 
to compute the number N/(1-N?)!/2 when 
N is given. 
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Recursive Curve Fitting Technique, by J. 
Giblin (Standard Oil Co. of Ohio), Commun. 
Assoc, Computing Mach., vol. 1, pp. 10-11; 
August, 1958. The recursive technique of 
fitting curves to observational data thought 
to be a function of two or more variables is 
discussed. Recursive curve fitting can be 
used when least square techniques are avail- 
able for determining subsets of the unknown 
curve or surface parameters. The repeated 
application of these techniques to certain 
residuals leads to a convergent solution. A 
method of programming the solution of a 
particular equation is described. The general 
technique presented can be used to fit a 
wide variety of forms, from which the most 
applicable can be chosen, 
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Secant Modification of Newton’s Method, 
by T. A. Jeeves (Westinghouse Res. Labs.), 
Commun. Assoc. Computing Mach., vol. 1, pp. 
9-10; August, 1958. The use of a secant 


approximation to the derivative in Newton’s 
iterative method for finding the roots of 
equations is discussed. This procedure is 
shown to produce a faster computer program 
than the classical tangent method, even 
though it requires more iteration since the 
derivative of the function is not evaluated. 
The secant method also requires less memory 
space than does the tangent method. 
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Unitary Triangularization of a Nonsymmetric 
Matrix, by A. S. Householder (Oak Ridge 
Nat. Lab.), J. Assoc. Computing Mach., vol. 
5, pp. 339-342; October, 1958. A method for 
the inversion of a nonsymmetric matrix by 
triangularization which requires fewer arith- 
metic operations than a method previously 
used is described. In the new method at most 
2(w—1) square roots are required for invert- 
ing a square matrix of order » compared 
with n(n—1)/2 for the older method. For 
n>4, this is a saving of (n—4)(n—1)/4 
square roots. The lemma which provides 
the basis for the new method is proved and 
the required computation is exhibited. 
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A Method for Transposing a Matrix, by 
M. F. Berman (System Dev. Corp.), J. As- 
soc. Computing Mach., vol. 5, pp. 383-384; 
October, 1958. A method for transposing 
an (mXn) matrix in which the original 
matrix is replaced by its transpose during 
the course of computation is described. All 
manipulations are done within the original 
mXn matrix area so there is no need to 
provide storage for both the original and 
the transposed matrix. The numbers in the 
matrix are assumed to be in floating point and 
with a precision such that the low order bié 
is negligible and, therefore, available as a 
word flag. For fixed point matrices or where 
the above assumption is invalid, mXn addi- 
tional bits are required. 
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A Note on an Iterative Method for Root 
Extraction, by J. C. Gower (Rothamsted 
Experimental Station, Harpenden), The 
Computer J., vol. 1, pp. 142-143; October, 
1958. A double iterative method for evaluat- 
ing y/x!/" on an electronic computer work- 
ing in fixed-point arithmetic is derived, and 
it is shown that if —1<y"<x<1, all terms 
occurring in the iterations can be made to 
fall in this range also. The rate of converg- 
ence is then discussed and some special cases 
are mentioned. 
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Interlingual Machine Translation, by R. H. 
Richens (Commonwealth Bur. of Plant 
Breeding and Genetics, Cambridge), The 
Computer J., vol. 1, pp. 144-147; October, 
1958. Some of the reasons for undertaking 
mechanical translation via a logically formal- 
ized interlingua are discussed. The inter- 
lingua described consists of a network of 
bonded semantic elements, the bonds being 
either homogeneous, corresponding to a gen- 
eralized notion of qualification, or hetero- 
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geneous, for dyadic relations. The transla- 
tion procedure involves a basic program ap- 
plicable to any input language (P) and any 
output language (Q), and P-interlingua and 
interlingua-Q mechanical dictionaries. The 
essence of the program is the construction of 
an array of symbols, grammatical, syntactic 
and semantic, containing all the information 
required for translation. The interlingual 
translation of the input in P is then derived 
by successive eliminations, usually involving 
comparisons either across the rows of the ar- 
ray or down the columns. Similar treatment 
of a second array suffices to translate from 
the interlingua to the output Q. 
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A Framework for Syntactic Translation, by 
V. H. Yngve (Mass. Inst. Tech.), Mech. 
Translation, vol. 4, pp. 59-65; December, 
1957. Approaches to mechanical translation 
based on adequate structural descriptions 
of the languages involved and on an adequate 
statement of equivalence are discussed. 
Translation is conceived of as a three-step 
process: recognition of the structure of the _ 
incoming text in terms of a structural speci- 
fier, transfer of this specifier into a structural 
specifier in the other language, and con- 
struction to order of the output text specified. 
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Some New Terminology, by E. Reifler 
(University of Washington), Mech. Transla- 
tion, vol. 4, pp. 52-53; December, 1957. 
Some elements of a uniform linguistic ter- 
minology that can be understood and used 
by engineers are presented. The following 
terms are included: control symbols, con- 
textual symbols, input and output symbols, 
free and bound symbols, meaningful and 
meaningless bound symbols, symbol se- 
quences, free and bound symbol sequences, 
meaningful and meaningless bound symbol 
sequences, groups of free symbol sequences, 
and semantic units. 
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Informational Evaluation of Language 
Translations, by E. B. Newman and G. A. 
Miller (Harvard University), U. S. Gov. Res. 
Repts., vol. 30, p. 275 (A); October 17, 1958, 
PB132144. Some psychological methods for 
evaluating the outputs of mechanical trans- 
lating devices are described. These methods 
determine the agreement between a machine- 
translation of a sample passage and either 
the original passage or a_ high-quality 
“standard” translation of that passage. In 
two of the methods, human subjects are used 
to make this comparison. 
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Order of Subject and Predicate in Scientific 
Russian, by I. Lehiste (University of Mich.), 
Mech. Translation, vol. 4, pp. 66-67; De- 
cember, 1957. A study which indicates that 
the word order in scientific Russian is suf- 
ficiently different from that of English to 
make it imperative that analysis for transla- 
tion purposes be based on a consideration of 
form and function rather than on word-for- 
word correspondence is reported. This con- 
clusion differs from that given ina previously 
published paper. 
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Computation in the Presence of Noise, by 
P. Elias (Mass. Inst. Tech.), JBM J. Res. & 
Dev., vol. 2, pp. 346-353; October, 1958. 
The behavior of a system consisting of a 
preliminary coder, an unreliable computer, 
and a decoder is investigated. Coding input 
blocks of & binary digits into blocks of n>k 
binary digits, it is shown that a simple com- 
binational computer which can take the and 
or or of k or more blocks can only be made 
arbitrarily reliable by making n/k arbitrarily 
large, so that the capacity for computation, 
in an information theory coding sense, is 
zero. Incomplete results for a single and or 
or circuit give the same result if the output 
gives no information about the inputs ex- 
cept for the information about their and or 
or; if this is not demanded, then for n>2k, 
reliable computation through noisy com- 
puting circuits is possible, but the computing 
is done in the decoder. 
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Linear Least-Squares Smoothing and Pre- 
_ diction with Applications, by S. Darlington 
(Bell Telephone Labs.), Bell Sys. Tech. J., 
vol. 37, pp. 1221-1293; September, 1958. 
Methods of calculating smoothing and pre- 
diction operators of the linear least-squares 
sort using techniques derived from a circuit 
theory point of view are described. The 
techniques are developed explicitly for time 
series which are continuous and statistically 
stationary. Other situations in which the 
time series are either discrete or statistically 
nonstationary are explored more briefly. 
_For the most part, functions of time are 
replaced by functions of frequency repre- 
senting their transforms. Mathematical 
complications are avoided by restricting 
statistical ensembles to those which have 
rational power spectra. In practice, actual 
spectra can be approximated sufficiently 
well by rational spectra and the simplified 
methods are sufficiently general for engineer- 
ing applications of many different sorts. 
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Channels with Side Information at the 
Transmitter, by C. E. Shannon (Mass. Inst. 
Tech.), IBM J. Res. & Dev., vol. 2, pp. 
289-293; October, 1958. In certain com- 
munication systems where information is to 
be transmitted from one point to another, 
additional side information is available at 
the transmitting point. This side information 
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tems 44 
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Adding Circuits 11, 12, 13 
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Data Transmission 40 
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relates to the state of the transmission 
channel and can be used to aid in the coding 
and transmission of information, In this 
paper, a type of channel with side informa- 
tion is studied, and its capacity is deter- 
mined. 


F: PERSONNEL 
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Computer Programming for Young Students, 
by H. Tillit (U. S. Naval Ordnance Test 
Station), J. Assoc. Computing Mach., vol. 5, 
pp. 309-318; October, 1958. Two experi- 
ments conducted to determine whether 
junior high school students can learn to 
program high-speed digital computers are 
described. In one experiment a group of 
seventh graders worked on coding an IBM 
701; in the other a group of eighth graders 
worked on coding an IBM 704. Both groups 
were selected for their above-average abili- 
ties. The results of the experiments indicate 
that many of the concepts of high-speed 
digital computer programming can be under- 
stood by people who do not know “how the 
machine works” and who have not had 
extensive mathematical training. 


G: BIBLIOGRAPHIES 
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Logical Machine Design: A Selected Bibliog- 
raphy, by D. G. Netherwood (Wright Air 
Dev. Center), IRE TRANS. ON ELECTRONIC 
Computers, vol. EC-7, pp. 155-178, June, 
1958; and p. 250, September, 1958. A se- 
lection of recent bibliographic references in 
the field of the logical design of machines is 
presented. An essential feature of the report 
is an extensive index of significant title 
words. Each indexed word is given in the 
complete context of the title in which it 
occurs. [484 references.] 


I: STANDARDS 
122 


Glossary of Computer Engineering and 
Programming Terminology (Aberdeen Proy- 
ing Ground, BRL Rep. No. 1010), Commun. 
Assoc. Computing Mach., vol. 1, pp. 14-16, 
June, 1958; and pp. 19-23, August, 1958; 
etc. 


J: SUMMARIES AND REVIEWS 
123 


The Second Decade of Computer Develop- 
ment, by M. V. Wilkes (Cambridge Uni- 
versity), The Computer J., vol. 1, pp. 98- 
105; October, 1958. Some past, present, and 
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expected future developments in digital 
computers are briefly surveyed. 
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Communication Sciences in a University 
Environment, by J. B. Wiesner (Mass. Inst. 
Tech.), IBM J. Res. & Dev., vol. 2, pp. 268- 
275; October, 1958. Information processes 
and information processing systems are the 
principal concern of investigators in many 
fields, including electrical engineering, neuro- 
physiology, psychology, linguistics, genetics, 
and mathematics, Studies in each of these 
fields contribute to understanding in the 
others, and each has a need for mathemat- 
ical models and mathematical methods for 
describing and analyzing these processes. 
Studies of electrical communication and 
computational systems have provided the 
mathematical tools and understanding 
which are useful to the other fields. The 
related interests of this diverse group of 
scientists are examined and the activities 
of several groups in the Communication 
Sciences Center at M.I.T. are described. 
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Problems in Scientific Communication, by 
E. de Grolier (French Center for Tech. Doc- 
unmentation, Milan), JBM J. Res. & Dev., 
vol. 2, pp. 276-281; October, 1958. The 
subject of scientific communication is related 
to its historical and cultural background. 
Eight barriers to scientific communication 
(distance, nationalism, secrecy and censor- 
ship, prejudice against science, ignorance, 
the multiplicity of languages, scientific 
specialization, and the magnitude of the 
scientific literature) are pointed out, and 
means for removing these barriers are con- 
sidered. 
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How Much Science Can You Have at Your 
Fingertips, by I. J. Good (Royal Naval Sci. 
Service), IBM J. Res., & Dev., vol. 2, pp. 
282-288; October, 1958. Suggestions for 
helping men to learn and to retrieve scien- 
tific information, with or without artificial 
aids, are presented. The amount of informa- 
tion that can be stored in a human brain is 
estimated and compared with the amount 
of scientific information that has been pub- 
lished. The problems of acquiring an ency- 
clopedic knowledge is discussed. Knowledge 
is compared with a network having various 
impedances in the connections between the 
nodes, somewhat like the nervous system. 
Possible new fields of research, new period- 
icals, and new means of consulting scientific 
literature are suggested. 


Solution of: 
Boundary Value Problems 85 
Integral Equations 88 
Memories: Potentialscope 33 
Integrating Systems with Numerical 
Readout 32 
Simulation of Electrical Networks 84 
-To-Digital Converters, Commutators for 
42 


Voltage Sources 26 


80 IRE TRANSACTIONS ON ELECTRONIC COMPUTERS 


Arcsin N for 0<N <1, Electronic Computa- 
tion of 106 
Arithmetic: 
Division 4 
Circuits: 
Adders 11, 12, 13 
Multiplier-Dividers 10 
Element Design for: 
Digital Computers 8 
Serial Computers 7 
Operations, Programming of 62 
Astronomy, Use of Computers in Radio 56 
Auto-Abstracting 48 
Autocode Programming System 65 
Automatic: 
Coding 48, 62, 65, 66, 67 
Programming of Languages 64 
Quality Control, Application of Com- 
puters to 47 


Banking, Use of Data Processing Systems in 
58 

Barium Titanate Memory Units 15 

Barrier Grid Storage for Random Access 
Memories 37 

Bearing Computers, Radio Direction Finder 
4 


Bibliography of Logical Machine Design 121 
Binary Adders Using Negative-Resistance 
Diodes 11 
Bistable Circuits Using Cold-Cathode Tubes 
24 
Boolean Functions, Inversion Complexity of 
Systems of 100 
Boundary Value Problems, Solution of 85 
Bridge Network Systems 96 
Business Applications of Computers: 
Accuracy Control in 50 
Banking 58 
Book-keeping 69 
Census 59 
Insurance 57 
Intelligence Systems 48 
Office Work 68 
Sales Forecasting 71 
Stock Recording and Control 70 


Calculation of: 
Crystal Structure Factors 7 
Matrices—See “Matrices” 

Calculator for Fourier Synthesis 45 

Census, Data Processing for a 59 

Character Reading 39 

Checking, Parity: Generalized 6 

Chess Playing Programs for Digital Com- 
puters 83 

Children, Junior High, Programming Course 
for 120 

Circuits Using Cold-Cathode Tubes 24 

Code Compression 89 

Coding 67, 89, 119 

Coding Systems for Aerial Photograph Iden- 
tification 38 

Cold Cathode Tubes, Circuits Using 24 

Communicating with Computers 41 

Communication, Scientific 125 

Communication Sciences 124 

Communications, Scientific: Role of Large 
Memories in 3 

Communications Systems 51 

Compiler System, Universal 63 

Complementing Circuits, Transistor Op- 
erated 12 

Computation in the Presence of Noise 117 

Computer Developments, Review of 123 

Computer Terminology, Glossary of 122 


Conformal Mapping of Polynomials Using 
Analog Computers 87 
Congruence Notation in Parity Checking 6 
Contact Networks for Switching Functions 
97 
Control of Missiles by Computers 53 
Control Systems, Diode Function Genera- 
tors in 17 
Converters, 
Analog-to-Digital: Commutators for 42 
Paper Tape to Magnetic Tape 43 
Frequency-to-Shaft Position 18 
Core Memories, Driving Systems for 35 
Counters, 
Decade 24 
Latching 22 
Shift Register 5 
Crystal Structure Factors, Calculation of 7 
Curve Fitting, Recursive Techniques in 107 


Data Collection Devices 41 
Data Distribution Devices 41 
Data Processing, 
Dual Master File System for 49 
Spectrometric 55 
Data Transmission: 
Circuits for SAGE 40 
Systems 51 
Decade Counters Using Cold-Cathode Tubes 
24 
Decoders, Error-Correcting 21 
Design of Computers Oriented toward Spa- 
tial Problems 1 
Delay Circuits Using Cold-Cathode Tubes 
24 
Delay Lines, Miniature Wirewound 23 
Differential Equations, 
Analog Solution of 84 
Integration of 103 
Solution of 102 
Solution of Boundary Value Problems for 
85 
Differentiators for A-C Computers 20 
Diodes, Binary Adders Using Negative-Re- 
sistance 11 
Direct-Coupled Logic Circuits, Transistor 9 
Division, Digital: 
Methods of 4 
Short Cut for 8 
Divider-Multipliers, Transistorized 10 
Driving Systems for Core Memories 35 
Drum Memories, Track Switching for Serial 
16 


Eigenvectors of Matrices, Calculation of 104 
Electrostatic Storage, Barrier Grid 37 
Encoders, Error-Correcting 21 
Error-Correcting Encoders and Decoders 21 
Error Detection: 

in Business Systems 50 

in Tape Processing Systems 44 
Estimation, Sequential: Application to Sim- 

ulation and Monte Carlo Procedures 93 


Ferrite Plate Memories 34 
File Systems for Data Processing, Dual Mas- 
ter 49 
Filing, Use of Computers for 69 
Flying Spot Storage for Computer Mem- 
ories 36 
FORTRAN Automatic Coding 67 
Fourier: 
Analysis: 
By an Analog Computer 86 
Program for 72 
Synthesis, Calculator for 45 


March 


Fredholm’s Integral Equation, Solution of 
88 


Frequency Measuring Circuits for Analog 
Computers 18 
Function Generators, 
Diode 17 
Potentiometers as 19 


Geometry Theorems, Machines that Prove 


Glossaries of Computer Terminology 122 
Guidance Computers, Missile 52 


Heuristic Methods Used in Learning Ma- 
chines 60 
High Frequency Pulse Circuits 27 


Indexes for Technical Literature, 
Machine-Made 79 
Use of Memories as 3 
Information, 
Coding of 119 
Retrieval of 3, 79, 80, 126 
Information: 
Disseminating Systems 48 
Processing Systems 124 
Infrared Analyzers Using Digital Computers 
54 
Input Routines for Computers 61 
Input-Output Devices 41 
Instructions, Production of Machine Lan- 
guage 62 
Insurance Companies, Use of Computers in 
Sy 
Integral Equations, Solution of 88 
Integrating Systems with Numerical Read- 
out 32 
Integration of Differential Equations 103 
Intelligence Systems, Business 48 
Intelligent Behavior in Problem-Solving 
Machines 60 
Inventory Applications of Computers 70 
Inversion Complexity of Systems of Boolean 
Functions 100 
Inversion of Nonsymmetric Matrices 109 
Iteration Techniques, Programming 73 
Iterative Methods: 
for Root Extraction 111 
for Solving Problems 33 


Languages, 
Universal Computer-Oriented 64 
—See also “Machine Language” and 
“Mechanical Translation” 
Learning Machines, Heuristic Methods Used 
in 60 
Learning Scientific Information 126 
pee poner Techniques in Curve Fitting 
u 
Least-Squares Smoothing, Linear 118 
Library Applications of Computers 80 
es Selective Excitation, Principle 
of 35 
Logic Circuits, 
Transformer Coupled Transistor 27 
Transistor-Magnetic Core 25 
Logical Design: 
of Machines: Bibliography 121 
Spatial Computer 1 
Loop- and Node-Analysis 84 


eek te Language and Universal Compiling 


Machine-Made Indexes for Technical Lit- 
erature 79 

Machines, Logical Design of: Bibliography 
121 


1959 


Magnetic Amplifiers, Figure of Merit of 
Carrier-Excited 29 

Magnetic Core Pulse-Switching Circuits 31 

Magnetic Core-Transistor Circuits 25 

Magnetic Cores, Switching Characteristics 
of 14 

Magnetic Drum Memories, Track Switching 
for 16 

Magnetic Tape Converters, Paper Tape to 
43 


Manufacturing Applications of Computers: 
Spectroanalysis 54 
Spectrometry 55 
Manufacturing-Process Control 47 
Matching, File: Criterion for Balance in 49 
Math-Matic Programming System 66 
Matrices, 
Calculation of Eigenvectors of 104 
Calculation of Roots of 101 
Inversion of 109 
Transposition of 110 
Tridiagonalization of 105 
Matrix Calculations, Fast Multiplication in 7 
Matrix Switches, Load-Sharing 35 
Matrix Switching in Transistor Adders 13 
Mechanical Translation 81, 99, 112, 113, 
114, 115, 116 
Memories, 
Barium Titanate 15 
Core: Driving Systems for 35 
Drum: Track Switching for 16 
Ferrite Plate 34 
Flying Spot Storage for Computer 36 
Random Access: Barrier Grid Storage for 
37 
Memories in Scientific 
Role of Large 3 
Micro-Programming 2 
Minimization of Components in Switching 
Circuits 95 
Missile Control Systems 53 
_ Missile Guidance Computers 52 
~Monostable Circuits Using Cold-Cathode 
Tubes 24 
Monte Carlo Procedures, Application of Se- 
quential Estimation to 93 
Multiplication in Digital Computers, 
Fast 7 
Short-Cut 8 
Multiplier-Dividers, Transistorized 10 


Communications, 


Negative-Resistance Diodes, Binary Adders 
Using 11 
Network Switching Functions, Synthesis of 
98 
Networks, 
Bilateral Switching 96 
Simulation of Electrical 84 
Newton’s Method for Finding Roots of 
. Equations, Modification of 108 
Noise, Computation in the Presence of 117 
Numbers, Pseudo-Random 94 
Numerical Analysis: 101, 103, 106, 107, 108 
Eigenvectors 104 
Fourier Synthesis 45 
Integral Equations 88 
Matrices 105, 109, 110 
Poisson’s Equation 102 
Root Extraction 111 
Smoothing & Prediction 118 


Office Work, Automatic 68 

Operators, Smoothing: Calculations of 118 
Orbit Computation 75, 76 

Orbit Failure Control System 53 


pane were to Magnetic Tape Converters 


Parity Checking, Generalized 6 
Pattern Recognition, 
Acoustic 82 
Automatic 39 
Computers for 1 
Photographs, Automatic Digital Recording 
and Translating on 38 
pets s Difference Equation, Solution of 
1 
Polynomials Using Analog Computers, Con- 
formal Mapping of 87 
Potentialscope Memories for Analog Com- 
puters 33 
Power Supplies, Transistor 26 
Prediction Operators, Calculation of 118 
Probability Theory, Switching Circuits as 
Topological Models in 92 
Problem-Oriented Languages and Universal 
Compiling 63 
Problem-Solving Machines, Intelligent Be- 
havior in 60 
Process Control: 
Radio Telescope Motion 56 
Spectroanalysis 54 
Spectrometric 55 
Programming: 
and Universal Compiling 63 
Arithmetic Operations 62 
Communication with Machines 64 
Curve Fitting 107 
Digital Computers by Junior High School 
Students 120 
Digital Computers, Micro- 2 
Schemes, Equivalence and Transforma- 
tion of 90 
Systems: 
Autocode 65 
Math-Matic 66 
Terminology, Glossary of 122 
Programs: 
for Chess Playing 83 
for Computation of Satellite Orbits 75, 76 
for Computing Arcsin V, 0<N <i 106 
for Fourier Analysis 72 
for Iteration Techniques 73 
for Mechanical Translation 81 
Pseudo-Random Numbers, 
Generation of 91 
Russian Work with “Strela” 94 
Pulse Circuits, Transformer Coupled Tran- 
sistor 27 
Pulse Generators: 
for Digital Systems, Transistor 40 
Using Cold-Cathode Tubes 24 
Pulse-Switching Circuits, Magnetic Core 31 


Quality Control, Application of Computers 
to Automatic 47 


Random Access Memories, Barrier Grid 
Storage for 37 
Random Numbers, Pseudo: 
Generation of 91 
Russian Work with “Strela” 94 
Radio Astronomy, Use of Computers in 56 
Radio Direction Finder Bearing Computers 
46 
Recognition, Acoustic Pattern 82 
Relaxation Oscillators Using Cold-Cathode 
Tubes 24 
Reliability of Computation in the Presence 
of Noise 117 
Retrieval of Information 3, 79, 80, 126 
Review of Computer Developments 123 


Abstracts of Current Computer Literature 81 


Root Extraction, Iterative Method for 111 

Roots of Equations, Modification of New- 
ton’s Method for Finding 108 

Roots of Matrices, Calculation of 101 

Routines for Computers, Input 61 

Runge-Kutta Methods for Integrating Dif- 
ferential Equations 103 


Satellite Orbits, Computation of 75, 76 
Sales Forecasting, Automatic 71 
Scaling Circuits with Four-Phase Outputs 22 
Scientific Applications of Digital Computers 
74 
Scientific Communication 125 
Scientific Communications, Role of Large 
Memories in 3 
Scientific Information, Learning and Re- 
trieving 126 
Sequential Estimation to Simulation and 
Monte Carlo Procedures, Applications 
of 93 
Serial Arithmetic Elements 7 
Shaft-To-Digital Converters, Commutators 
for 42 
Shift Register Counters, Analysis of 5 
Shifting Registers, Double-Gate 12 
Simulation: 
Weapons Evaluation by Computer 77 
of Active Air Defense Systems on Digital 
Computers 78 
of Electrical Networks, Analog 84 
Procedures, Application of Sequential Es- 
timation to 93 
Simultaneous Binary Addition 13 
Smoothing Operators, Calculation of 118 
Spatial Problems, Computers for Solving 1 
Spectroanalyzers Using Digital Computers 
54 
Spectrometric Data, Automatic Systems for 
55 
Staircase Generators Using Cold-Cathode 
Tubes 24 
Stiffness Matrix Analysis on Digital Com- 
puters 74 
Stock Control, Use of Computers for 70 
Storage: 
Flying Spot 36 
for Random Access Memories, Barrier 
Grid 37 
Stress Analysis 74 
Summing Amplifiers, Transistor 28 
Switches, Matrix: Load-Sharing 35 
Switching Characteristics of Magnetic Cores 
14 
Switching Circuits: 
Minimization of Components in 95 
as Topological Models in Probability 
Theory 92 
Switching Networks, Bilateral 96 
Switching Functions, 
Contact Networks for 97 
Synthesis of Network 98 
Switching Systems, Flying Spot Storage for 
36 
Symbolization of Problem Statements 99 


Tape File Processing 49 
Tape Storage, Magnetic: Error Detection 
and Accuracy Control 44 
Technical Literature, 
Machine-Made Indexes for 79 
Use of Memories as Indexes for 3 
Temperature Distribution in Rotating Ma- 
chinery, Computation of 73 


82 


Terminology: 


Glossaries of Computer 122 
for Mechanical Translation 114 


Topological Models in Probability Theory, 
Switching Circuits as 92 
Track Switching for Serial Drum Memories 


16 


Transformation of Program Schemes, Iden- 


tical 90 


Transistor: 
Adders 13 


IRE TRANSACTIONS ON ELECTRONIC COMPUTERS 


Logic Circuits for Computers 9, 27 
Magnetic Core Circuits 25 
Operated Arithmetic Circuits 12 
Pulse Generators 30 


Translation, 
Interlingual Machine 112 


March 


Universal Computer-Oriented Languages 63, 
64 

University Communications Sciences Re- 
search 124 

Univibrators Using Cold-Cathode Tubes 24 


Voltage Discriminators Using Cold-Cathode 


Mechanical 81, 99, 112, 113, 114, 115, 116 


Transmission of Information 119 


Transposition of Matrices 110 


Trigger Circuits Using Cold-Cathode Tubes 


Amplifiers for Analog Computers 28 


Amber, G. H. 47 
Amber, P. S. 47 
Anderson, A. G. 11 
Anderson, W. P. 22 
Archer, J. S. 74 
Armstrong, D, P. 59 
Astrahan, M. M. 3 


Bailey, A. D. 46 
Baxendale, P. B. 79 
Beatson, T. J. 95 
Beck, F. 72 

Bekey, G. A. 17 
Berman, M. F. 110 
Bitzer, D. L. 46 
Blumenthal, S. 49 
Brauer, A. 101 
Brik, V. A. 87 
Brooker, R. A. 65 
Burt, E. G. C. 76 


Carroll, W. N. 27 
Certaine, J. 91 

Cleave, J. P. 81 
Constantine, G., Jr. 35 
Conway, M. E. 64 
Coopper, R. A. 27 


Darlington, S. 118 
David, E. E., Jr. 82 
de Groiler, E, 125 
Dennis, B. K. 80 


Douglas, A. S. 69, 70 
Dunnet, W. J. 25 


Elias aiden 
Ershov, A. P. 62 


Fisher, M. E. 88 
Ploridar: Gatos 12 
Flynn, T. C. 38 
Fotheringham, J. A. 61 
Friedman, C. 77 


Garner, H. L. 6 
Gelernter, H. L. 60 
Gerharz, R. 23 
Giblin, J. 107 
Ginzburg, S. A. 87 
Godel, N. A. 22 
Good, I. J. 126 
Gould, R. 97 
Gower, J. C. 111 
Gray, H. J., Jr. 29 
Green, J. H., Jr. 21 
Greenspan, D. 85 
Greenwood, T. S. 37 


Hamilton, D. J. 30 
Hammerton, J. C. 44, 50 
Heiser, D. H. 59 

Hely, J. P., IV. 43 
Hoedemaker, R. W. 10 
Hoover, C. W., Jr. 36 


AUTHOR INDEX 


Horton, J. W. 11 


Householder, A. S. 105, 109 


Ianov, Iu. I. 90 


Jacchiay Le 75 
James, E. R. 26 
James, R. T. 40 
Jeeves, T. A. 108 
Jenkinson, G. H. 41 
Johnson, W. 20 


Kamat, D. S. 16 
Kaufman, M. M., 34 
Ketchledge, R. W. 36 
Kircher, P. 57 
Kogbetliantz, E. G. 106 
Korkowski, V. J. 14 
Kornfield, N. R. 34 
Korolev, L. N. 89 
Krause, C. A. 28 


Laasonen, P. 102 
Lehiste, I. 116 
Lehman, M. 8 
Leibowitz, R. C. 32 
Lemack, A. G. 25 
Lowe, R. R. 28 
Luhn, H. P. 48 


Marchant, H. 19 
Markov, A. A. 100 


Tubes 24 


Voltage Sources, Analog 26 


Weapons Evaluation by Computer Simula- 


tion 77 


Wirewound Delay Lines 23 


Martin, D. W. 103 
Masher, D. P. 9 
Maynard, F. B. 13 
Mercer, R. J. 2 
Miller, G. A. 115 
Miller, R. E. 96 
Mitchell, J. 18 
Mock, O. 63 
Moshman, J. 93 
Muir, A. 71 


Nagaraja, N. S. 86 
Netherwood, D. G. 121 
Newell, A. 83 
Newhouse, V. L. 34 
Newman, E. B. 115 


Olsztyn, J. 63 
Otterman, J. 84 
Overn, W. M. 14 


Reifler, E. 114 

Rich, R. P. 78 
Richens, R. H. 112 
Richards, P. B. 73 
Roberts, M. de V. 61 
Robertson, J. E. 4 
Rochester, N. 60 
Rosenfeld, J. L. 31 
Rossing, T. D. 14 


San Soucis, R. L. 21 
Semon, W. 98 


Shannon, C. E. 119 
Shaw, J. C. 83 
Shimshoni, M. 7 
Sidorowicz, R. S. 24 
Simon, H. A. 83 
Sobol, I. M. 94 
Staehler, R. E. 36, 37 
Steel, T. 63 

Strong, J. 63 

Sydnor, R. L. 46 


Thompson, T. R. 68 
Tillit, H. 120 
Timbrell, V. 45 
Tritter, A. 63 

True, M. D. 52 


Unger, S. H. 1 


Val’denberg, Iu. S. 33 
Vincent, G. O. 51 


Walton, C. A. 42 
Warfield, J. N. 92 
Wegstein, J. 63 
Wiesner, J. B. 124 
Wilkes, M. V. 123 
Wilkinson, J. H. 104 
Williams, R. W. 19 


Yngve, V. H. 113 
Young, F. H. 5 


1959 


IRE TRANSACTIONS ON ELECTRONIC COMPUTERS 83 


WETTED a Ta I 


Shreeram Abhyankar, for a biography, 
please see p. 326 of the December, 1958 issue 
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S. C. Chao (A’50—A’53—M’57) was born 
in Mukden, China, February 9, 1922. He 
received the B.S. degree in electrical en- 
gineering from National Central Univer- 
sity, Chungking, China, in 1944. He came to 
the United States in 1948, and received the 
M.S. and the Ph.D. degrees in electrical en- 
gineering from Stanford University, Stan- 
ford, Calif., in 1950 and 1952, respectively. 

From 1952 to 1956, he was a research 
engineer of the IBM Laboratory, San Jose, 
Calif., where he participated in digital com- 
puter work and applications of solid state 
devices. In 1957, as a project engineer, he 
worked for the ERMA System Laboratory, 

‘General Electric Company, Palo Alto, 
Calif., doing transistor circuit and magnetic 
core memory work. In 1957 he became a 
general engineer at the Research and Devel- 
opment Laboratory of Link Aviation, Inc., 
Palo Alto, Calif. Dr. Chao’s work includes 
digital computer logic design, transistor and 
magnetic core circuits, and character dis- 
play. 


H. L. Garner, for a biography, please 
see page 252 of the September, 1958 issue 
of these TRANSACTIONS. 
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Seymour Ginsburg (M’57) was born on 
December 12, 1927, in Brooklyn, N. Y. He 
received the B.S. degree in mathematics 
from the College of the City of New York in 
1948, and the M.S. and Ph.D. degrees in 
mathematics from the University of Michi- 
gan, Ann Arbor, Mich., in 1949 and 1952. 

He was assistant professor of mathemat- 
ics at the University of Miami, Coral Gables, 
Fla., from 1951 to 1955 and was a research 
analyst for Northrop Aircraft, Inc., Haw- 
thorne, Calif., from 1955 to 1956, where he 
worked on problems arising in connection 
with the design and performance of digital 
computers. Since 1956, he has been senior 
research engineer for the National Cash 
Register Company, Hawthorne, Calif., 
where he works on applications of logic for 
use in digital computer systems, the theory 
of abstract machines, and the development 
of new methods of synthesis, analysis, and 
reduction of superfluous components, 

Dr. Ginsburg is a member of the Ameri- 
can Mathematical Society and the Associa- 
tion for Computing Machinery. 


Daniel W. Ladd, Jr. was born in Exeter, 
N. H., on February 15, 1925. He attended 
Rensselaer Polytechnic Institute under the 
Navy V-12 program, and received the B.S. 
degree in electrical engineering in October, 
1945. After a short period of active duty in 
the Navy, he spent one year as an instructor 
at the University of Massachusetts, Am- 
herst. He received the M.A. degree in mathe- 
matics from Columbia University, New 
York, N. Y., in 1948. 

From 1948 until 1953, he was employed 
by IBM in New York City, working at the 
Watson Laboratory and the Scientific Com- 
puting Bureau. His work was concerned with 
the application of computers to a wide vari- 
ety of technical problems submitted by vari- 
ous industrial customers. From 1953 until 
1955, he was employed by Sylvania at the 
Boston Engineering Laboratory, and was 
concerned with analytical studies and evalu- 
ation of airborne electronic equipment. He 
joined Lincoln Laboratory of Massachusetts 
Institute of Technology, Lexington, in June 
1955, and was concerned with operational 
planning and simulation of various aspects of 
the SAGE System. He is presently with 
MITRE Corp., Lexington, Mass. 

Mr. Ladd is a member of the Association 
for Computing Machinery. 
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James H. Mulligan, Jr. (S’41—-A’45- 
M’45-—SM’54—-F’59) was born on October 29, 
1920, in Jersey City, N. J. He received the 
B.E.E. and the E.E. degrees from the Cooper 
Union School of Engineering, New York, 
N. Y., the M.S. degree from Stevens Insti- 
tute of Technology, Hoboken, N. J., and the 
Ph.D. degree from Columbia University, 
New York, N. Y. 

He was first employed in the transmis- 
sion development department of the Bell 
Telephone Laboratories, and later became a 
member of the Combined Research Group 
of the Naval Research Laboratory where he 
served as project engineer for one of the 
equipments in the Mark V IFF/UNB Proj- 
ect. At the conclusion of World War II, he 
joined Allen B. DuMont Laboratories where 
he was initially concerned with research and 
development work on portable and studio 
television pickup and video equipment. He 
subsequently held the position of chief en- 
gineer of the television transmitter division. 
He joined the faculty of the department of 
electrical engineering of New York Univer- 
sity in September, 1949. He has held the 
position of chairman of the department since 
1952 and been professor of electrical en- 
gineering since 1953. 

Dr. Mulligan is a member of the AIEE, 
American Physical Society, American Math- 
ematical Society, Mathematical Association 
of America, the American Society for Engi- 
neering Education, Sigma Xi, Tau Beta Pi, 
and Eta Kappa Nu. He is a licensed pro- 
fessional engineer in the states of New York 
and New Jersey. 


A. Alan B. Pritsker was born in Phila- 
delphia, Pa., on February 5, 1933. He re- 
ceived the B.S. degree in electrical engineer- 
ing and the M.S. degree in industrial engi- 
neering from Columbia University, New 
York, N. Y. He is currently doing graduate 
work at Ohio State University, Columbus, 
toward the Ph.D. degree in industrial engi- 
neering, 

Since joining Battelle Memorial Institute 
in 1956, Mr. Pritsker has participated in re- 
search programs concerned with the proc- 
essing and displaying of intelligence informa- 
tion, the development of new methods of 
measuring the effectiveness of electronic 
countermeasures, the design of a system for 
accurately measuring and comparing shaft 
positions, the development of a mathemati- 
cal model to evaluate traffic costs as a func- 
tion of reorder time, and the construction 
of a digital model simulating an air battle 
situation. He is Assistant Chief of Battelle’s 
Systems Engineering Division. 

Mr. Pritsker is a member of The Insti- 
tute of Management Sciences. 


Eugene Rawdin (A’55) was born in 
Brooklyn, N. Y., on May 29, 1929. He re- 
ceived the B.E.E. and M.E.E. degrees from 
the Polytechnic Institute of Brooklyn, in 
1949 and 1954, respectively. 

Until 1956, he was successively associ- 
ated with Airborne Instrument Labora- 
tories, Mineola, N. Y., and the U. S. Air 
Force as a 1st Lieutenant engaging in R and 
D work, with Rome Air Development Cen- 
ter, Rome, N. Y. In these capacities, he has 
worked in the fields of automatic track while 
scan computing systems, air traffic control 
systems, and missile guidance systems. Since 
1956, he has been associated with the Mis- 
sile and Surface Radar Department of the 
Radio Corporation of America, Moores- 
town, N. J., where he has been engaged in 
missile guidance and missile detection sys- 
tems. 

Mr. Rawdin is a member of Eta Kappa 
Nu. 
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Donald Savitt was born in Chicago, IIl., 
on October 25, 1934. He received the B.S. 
degree in electrical engineering from the 
Illinois Institute of Technology, Chicago, 
in 1956. In 1957 he received the M.S. degree 
in electrical engineering from the Massa- 
chusetts Institute of Technology, Cam- 
bridge, Mass., where he held the Melpar 
Fellowship and was employed as a research 
assistant in the Servomechanisms Labora- 
tory. Since 1957 he has been with the Re- 
search Laboratories of Bendix Aviation Cor- 
poration, engaged in transistor circuit de- 
velopment. 

Mr. Savitt is a member of Eta Kappa 
Nu, Tau Beta Pi, and Sigma Xi. 
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Roger C. Van Buskirk (A’53) was born in 
Elmira, N. Y., on May 12, 1926. He is a 
graduate of Carnegie Institute of Technol- 
ogy, where he received the B.S. degree in 
electrical engineering in 1950. He is cur- 
rently enrolled in the graduate school at 
Ohio State University, Columbus. He has 
had 11 months’ training in the Naval Train- 
ing School for electronic technicians. 

Upon graduation in 1950, Mr. Van Bus- 
kirk spent two years as an electrical engineer 
for the Pittsburgh Metallurgical Co., Inc., 
Pittsburgh, Pa., doing plant engineering. 
From 1952 to 1954, he was a design engineer 
for the Antenna Research Laboratory of 
Thompson Products, Inc., Cleveland, Ohio, 
where he was engaged in electronic and an- 
tenna-system development. Just prior to 
joining the staff of Battelle Memorial Insti- 
tute in 1956, he was a senior research en- 
gineer in systems analysis at North Ameri- 
can Aviation, Inc., Los Angeles, Calif., 
where he worked in the fields of airborne 
electronic countermeasures and the reli- 
ability of aircraft systems. Since joining 
Battelle, he has participated in two elec- 
tronic countermeasures projects and in proj- 
ects concerned with industrial automatic 


control. He is a principal electrical engineer 
in Battelle’s Systems Engineering Division. 

Mr. Van Buskirk is a member of the 
AIEE. 
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John K. Wetherbee was born in Peoria, 
Ill., on February 19, 1926. He received the 
B.S. degree in electrical engineering from 
The Ohio State University, Columbus, in 
June, 1951. 

Following graduation, he was employed 
by Link Aviation, Inc., Binghamton, N. Y., 
where he was engaged in the design of large- 
scale aircraft and missile flight simulation. 
Since joining Battelle Memorial Institute in 
1953, he has been engaged in research and 
project-administration activities involving 
the design and development of digital and 
analog computing equipment, simulation of 
aircraft and aircraft-control systems, con- 
trol-system analysis, and the development 
of special-purpose computing elements and 
circuits. He also has been responsible for the 
system analysis of complex man-machine 
systems including electronic countermeas- 
ures and special-purpose aircraft computers. 
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He is Chief of Battelle’s systems engineering 
division. 

Mr. Wetherbee is a member of Sigma Xi, 
Eta Kappa Nu, and Tau Beta Pi. 
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Eric W. Wolf (S’48—A’50—M’55-SM’59) 
was born in Frankfurt, Germany, on Febru- 
ary 20, 1922. He received the B.S. degree 
from the College of the City of New York in 
1949, and the M.S. degree from Ohio State 
University, Columbus, in 1951, both in elec- 
trical engineering. 

From 1949 to 1953, he was a project en- 
gineer at the Wright Air Development Cen- 
ter, engaged in the design of microwave com- 
ponents for airborne radars. In 1953 he 
joined Lincoln Laboratory, Massachusetts 
Institute of Technology, Lexington, where 
he was concerned with the development of 
the SAGE air defense system. Until recently 
he was the leader of the special studies sec- 
tion in the Laboratory’s System Design 
Group. He is now with MITRE Corp., 
Lexington, Mass. 

Mr. Wolf is a member of the Association 
for Computing Machinery, Tau Beta Pi, and 
Eta Kappa Nu. 
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JOINT COMPUTER COMMITTEE 


SENEWS 


SCIENCE EDUCATION SUBCOMMITTEE NEWSLETTER 


Vol. 2, No. 1 


In previous issues of SENEWS, we have continually 
stressed its purpose—that of promoting interest and 
knowledge in computing among high school students. 
_ Some time has passed and some experience gained, so it 
seems appropriate to re-evaluate this purpose. The best, 
and possibly only, guide we have is the nature of our 
correspondence. Much to our surprise, this turns out 
to be primarily with high school students who already 
have the interest but sorely lack the knowledge. We feel 
the time has come to put the second purpose into effect. 
Namely, start promoting knowledge in the field before 
the existing interest turns to frustration. 

SENEWS should be able to accomplish this, and we’d 
like to propose two approaches: 


1) Increase the circulation so as to include secondary 
school teachers with an interest in the computing 
field. In other words, communicate directly with 
teachers in the science and mathematics field. 
Both of these groups have their own publications, 
and through these media, we could make them 
aware of our existence and willingness to supply 
technical assistance. 

2) Be prepared to supply this technical aid. This im- 
plies that we should have a collection of computer- 
type projects in our file. References and advice are 
easy to supply, but the interested student usually 
needs a little more guidance than this. Current 
references are not slanted to the individual with a 
very limited budget, and for this reason, I suggest 
we start to build a collection of projects such as an 
analog-to-digital converter, radix converter, adder, 
or perhaps a small store that could be constructed 
by a student in a semester or two with a very mod- 


erate amount of money. 


We need your help for this and take this opportunity 
to ask for ideas, designs, and criticism. With a very 
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limited amount of work on our part, we can do an 
enormous amount of good in computer education. 
Michael Warshaw, Chairman 
JCC Science Education Subcommittee 
The RAND Corporation 
1700 Main Street 
Santa Monica, Calif. 


CHELTENHAM TOWNSHIP AND THE 
JoE BERG FOUNDATION 


In December, we reported on the success of the Palo 
Alto community science seminar and the role of the 
Joe Berg Foundation in helping this program. Under 
the Berg plan, gifted students interested in the sciences 
are given an opportunity for advanced study and re- 
search through participation in extracurricular science 
seminars. The seminars are manned by local working 
scientists, function without cost to the community or 
school, and supplement the regular school program. 
Since its inception, several hundred communities have 
inquired about the program, and science seminars are 
now in operation in practically every section of the 
country. 

Another case history of the foundation cooperating 
with a community is that of Cheltenham Township, a 
suburb of Philadelphia: During February, 1958, the 
superintendent, the coordinator of secondary education, 
some principals and teachers, and a few interested resi- 
dents undertook the planning of science-mathematics 
seminars. Before the end of the semester, they had: 


1) Formed the basis for student participation. This 
included good grades in all subjects, tests, and 
teachers’ and parents’ recommendations. Thirty- 
two (one-third of the applicants) were permitted 
to participate. 

2) Discovered seventy volunteers among the “com- 
munity resources” to serve as staff. 
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3) Established the following committees: 

Arrangements—for meetings, 

Evaluation, 

Projects—for individual student work, 

Planning—future programming of seminar 
meetings with subcommittees for mathe- 
matics, biology, physics, chemistry, elec- 
tronics, and earth sciences. 


Summer activities included plant visits and a special 
math course, and, for the fall term, seminar meetings 
and individual projects are all well under way. 

The activity has already spread to neighboring town- 
ships with the endorsement of all elements of the school 
system. All participation, both student and staff, is 
voluntary, and all sessions, except for plant vists, are 
conducted in the evenings on the high school premises. 

To encourage a similar activity in your school system, 
you may obtain a detailed outline of the steps to be 
taken from, 

Joe Berg Foundation 
1712 South Michigan Ave. 
Chicago 16, III. 


FuTURE ENGINEERS OF AMERICA—PHILADELPHIA 


Daniel Ashler has again written to keep us informed 
of the FEA activities in Philadelphia. In the last issue, 
we reported on two decimal-to-binary converters that 
have been built. Mr. Ashler has kindly forwarded to us 
the schematics of both devices: one converts 0-59 deci- 
mal and the other, 0-29. Both are relay operated. The 
schematic for the 0-29 machine includes relay storage 
registers. Copies of both schematics may be obtained 
free of charge by writing SENEWS at the first address 
mentioned. 

The club has been pursuing its study of switching 
algebra and Univac language. The numerical-graphical 
method of Scheinmann for synthesizing switching cir- 
cuits has been introduced, and one boy is working out a 
tic-tac-toe circuit. 


Lone IsLAND, NEw YorRK 


Warren White, of the Airborne Instruments Lab- 
oratory, has reported on his activities in the Long Island 
area. Mr. White has undertaken an extracurricular pro- 
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gram with a group of high school boys in Oyster Bay. 
Initially, he showed the boys the Geniac kit, then intro- 
duced them to Boolean algebra, and later supervised 
them in building a relay adder capable of summing two 
6-bit binary numbers. 

Later, the boys modified the adder to do subtraction, 
and under Mr. White’s leadership, they plan to incor- 
porate multiply and divide ability with the eventual 
expansion to a full fledged program computer. 

Mr. White would like to contact other people inter- 
ested in similar activities in the Long Island area and 
may be reached at the Airborne Instrument Laboratory, 
160 Old Country Road, Mineola, N. Y. 


A TELEPHONE OF THEIR OWN 


Mrs. Mabel Love of Sharon Hill, Pennsylvania, has 
forwarded the following story to us which will be of 
interest to those who wish to be computer engineers 
and capitalists at the same time. Only those with pa-_ 
tient mothers need continue. 


The Chautauqua Park Telephone service for teenagers, operating 
in a suburb of Des Moines, Iowa, is probably as popular with long 
suffering parents as with its young subscribers. Owned and operated 
by fifteen year old James Marcusen, this service is, so far as he can 
discover, the only setup of its kind in the United States. 

Jim built his first set four years ago from orange crates, which he 
assembled in the basement of his home at 2027 Nash Drive, in Chau- 
tauqua Park. Starting out with ten subscribers within a radius of 
four and a half blocks, he charged fifty cents a month for the service, 
including a morning wake-up alarm which rings until the subscriber 
is forced to hop out of bed to shut off the bedlam of noise. 

How did the local telephone company feel about all this growing 
competition? They were very cooperative, perhaps because they were 
glad to remove the teenagers from tying up their lines. The power 
company even allowed Jim the use of their poles just so long as he 
was careful to observe telephone company practice. With a growing 
demand for the service, Jim decided to invest in a surplus twelve-line 
army field board, and to increase the rates to one dollar a month. 
In the meantime, ‘held orders’ continued to pile up. 

One day a friendly manufacturers’ agent telephoned to say one of 

the local insurance companies was replacing its 25 year old dial sys- 
tem. Leaving the service in his mother’s care, Jim hot-footed over 
to the building where he made a deal with the owners to remove 
immediately the solid ton of equipment. Calling again on the faithful 
assistance of his mother to operate the exchange, he spent every 
free hour of his time tinkering around with the complicated switch- 
board until he had it in perfect working order in less than a week’s 
time. Into the basement then, and Jim’s expansion problems were 
settled for years to come. 
_ _ The case history of the Chautauqua Park Telephone service is an 
interesting example of the ability of high school students to handle 
complex switching problems of a type similar to computer design, 
with ue additional feature of having become a remunerative business 
as well. 
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AMERICAN AUTOMATIC 
CONTROL COUNCIL 


The American Automatic Control Coun- 
cil (Az C2) has set review committees and 
schedules for U.S.A. papers to be presented 
at first congress of International Federation 
of Automatic Control (IFAC) in Moscow 
in 1960. 

Russian hosts for the 1960 meeting have 
prepared an ambitious agenda for technical 
sessions. It covers three main areas—theory, 
components and measurement, and applica- 
tions. Papers on automatic control theory 
will cover discrete data systems, continuous 
data systems, systems using computing de- 
vices, optimalizing, multivariable systems, 
systems including a human operator, in- 
formation theory, switching theory, stochas- 
tic processes, and simulators. 

Papers on components and measure- 
ments will be sought covering the design and 
performance of transducers, amplifiers, 
computers, logic elements, regulators, tel- 
emetry, final control elements, characteris- 
tics of components, methods of dynamic 
testing and reliability. 

Each paper on application will pertain 
to a particular industry or type of controlled 
equipment. Typical examples: electrical ma- 
chines, power systems, petroleum processing, 
chemical processing, ore refining, metal pro- 
duction, metalworking, transportation, ma- 
terials handling, nuclear reactors, and heat- 
ing and air conditioning. 


U.S.A. papers may be submitted 


* 1) Directly to a member of the Az C2 review 
committee: 


Chairman: E, M. Grabbe 
The Thompson-Ramo-Wooldridge Cor- 
poration 
P.O. Box 45215, Airport Station 
Los Angeles 45, Calif. 


Automatic Control Theory: John Truxal 
Electrical Engineering Dept. 
Brooklyn Polytechnic College 
Brooklyn, New York 


Components and Measurements: 
John Johnston, Jr. 
Instrument Dept., 
Engineering Services Division 
E. I. duPont de Nemours & Company, 
Inc. 
Louviers Building 
Newark, Delaware 


Industry Applications: 
D. M. Boyd 
Universal Oil Products 
Des Plaines, Illinois 


2) Through the appropriate professional di- 
visions of the societies affiliated with Az C2 


ASME, Instruments and Regulators Di- 
vision 
Chairman: 
D. J. Bergman 
Universal Oil Products 
Des Plaines, Illinois 


AIEE, Feedback Control Committee 
Chairman: 


H. Chestnut 

General Electric Co. 
1 River Road 
Schenectady 5, N. Y. 


IRE, Professional Group of Automatic 
Control 
Chairman:- 
John E. Ward 
Servomechanisms Laboratory 
MIT 
Cambridge 39, Mass. 


ISA, Instrument Society of America 
Chairman: 


R. P. Bigliano 

Engineering Dept. 

E. I. duPont de Nemours & Co., Inc. 
Wilmington 98, Delaware 


AIChE, Process Control Committee 
Chairman: 
D. M. Boyd 
Universal Oil Products 
Des Plaines, Illinois 


3) Directly to the Congress Chairman, 
A. M. Letov, Institute of Automaticx and 
Telemechanics, Kalanchovskaya 15 A, Mos- 
cow I-53, U.S.S.R. 


Deadlines 


March 1, 1959—Abstracts and rough 
drafts of outlines in the hands of the 
A2C2 Review Committee. 
July 15, 1959—Completed papers de- 
livered to AcC2 Review Committee. 
The A2Cz Review Committee will review 
and evaluate for publication all U.S.A. 
papers. Papers may be presented in English. 
Russian hosts to the congress will handle 
translation into Russian and will publish 
Russian proceedings. AsC2 will arrange for 
publication of English proceedings. 
For more information contact: 


W. E. Vannah, Secretary-Treasurer 
American Automatic Control Council 
330 W. 42nd Street 

New York 36, New York 


WESCON PAPERS DEADLINE 
SET FoR May 1 


Authors wishing to present papers at the 
1959 Western Electronic Show and Conven- 
tion technical sessions to be held in San Fran- 
cisco August 18-21 must submit them by 
May 1. Required are 100-200 word ab- 
stracts, together with complete texts or addi- 
tional detailed summaries, which should be 
sent to the Chairman of the Technical Pro- 
gram: Dr, Karl R. Spangenberg, c/o 
WESCON, 60 West 41st Ave., San Mateo, 
Calif. 

This year there will be an important 
innovation. The IRE WESCON ConveEen- 
TION RECORD will be made available at the 
Convention. Convention authors will be 
expected to submit complete manuscripts 
by July 1, prepared for the REcorD in ac- 
cordance with special instructions which 
will be sent at the time the paper is ac- 
cepted. 

Authors will be notified of acceptance or 
rejection by June 1. 


FOURTEENTH ANNUAL MEETING 
OF THE ASSOCIATION FOR 
COMPUTING MACHINERY 


The Fourteenth Annual Meeting of the 
Association for Computing Machinery will 
be held at the Massachusetts Institute of 
Technology, Cambridge, Mass., on Septem- 
ber 1-3, 1959. Local arrangements will be 
under the direction of Prof. F. M. Verzuh, 
Massachusetts Institute of Technology. 

Contributed papers concerned with all 
phases of analog and digital computation 
have been solicited. Among the topics are: 
scientific calculations, computer design, in- 
formation retrieval, theory of automata, 
numerical analysis, inventory, teamed com- 
puters, University applications, program- 
ming, applied mathematics, traffic control, 
coding theory, administration of computers, 
data processing, united programming efforts, 
neurophysiological models, compilers, lan- 
guage translation, paralleled computers, 
simulation payroll, learning concepts, gen- 
erators special devices, management prob- 
lems, models, operation control, computer 
communications, computer languages, pat- 
tern analysis, computer operating systems, 
decision making, sorting algorithms, mili- 
tary applications, linear programming, 
theory of data processing, user groups Monte 
Carlo techniques, satellite orbits, character 
reading, medical applications, river control 
damage assessment, war games, letter writ- 
ing, logic in design memory units, differential 
analyzer, iteration, visual display, abaci, 
errors, 
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INFORMATION FOR AUTHORS 


The PGECG Transactions is published quarterly and will bear date- 
‘lines of March, June, September, and December. Abstracts of papers 
appearing in the TRANSACTIONS will appear also in IRE PROCEEDINGS. 
The PGEC publication schedule requires about one month for review 
and correction of all accepted manuscripts. The professional IRE 
Editorial Staff requires an additional two months’ production time from 
receipt of manuscripts to completion of the printed journal. ~ 


MANUSCRIPTS: Three copies of the manuscript should be sub- 
mitted. They should be typewritten (original and two carbon copies), 
and double spaced on only one side of each sheet. References should 
appear as footnotes, numbered consecutively, and include in the fol- 
lowing order the author’s name (including initials), title of reference 
work, journal name, volume, initial and final page numbers, and date 
of publication. Footnotes should be listed on a separate sheet and not 
inserted in text. Each copy of the paper should be accompanied by a 
summary not more than 200 words in lengths Reviewing normally will 
require about four weeks from receipt of manuscript. 


ILLUSTRATIONS: Originals of illustrations should be submitted: 
they will be returned if desired. Photostatic copies of originals are not 
acceptable, except where they are exceptionally clear, with sharp black 
and white contrasts. All line drawings (graphs, charts, diagrams, etc.) 
should be prepared on drafting cloth or white drawing paper in India ink. 
It is preferable that only the coordinate lines show in graphs. All 
lettering must be large enough to be legible when reduced 50 to 75 per 
cent in size. Photographs should be glossy prints. Figure numbers 
should be indicated on the back of each illustration. Figure numbers 
and captions should be listed on a separate sheet accompanying manu- 
script. All drawings, photographs, and other manuscript material should 
be not larger than 85 by 11 inches for ease in handling. 


Please submit all manuscripts to 


_. H. E. Tompkins, PGEC Editor 
The Moore School of Electrical Engineering 
200 South 33rd Street 
Philadelphia 4, Pennsylvania 


